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Abstract. We obtain estimates relating the phase space and the parameter 
space of analytic families of unimodal maps. Using those estimates, we show 
that typical analytic unimodal maps admit a quasiquadratic renormalization. 
This reduces the study of the statistical properties of typical unimodal maps 
to the quasiquadratic case which had been studied in IAM2| . The estimates 
proved here correspond exactly to the Phase-Parameter relation proved in 
AMI! in the quadratic case, and allows one to obtain sharp estimates on the 
dynamics of typical unimodal maps which were available only in the quadratic 
case: as an example we conclude that the exponent of the polynomial recur- 
rence of the critical orbit is exactly one. We also show that those ideas lead 
to a new proof of a Theorem of Shishikura: the set of non-renormalizable pa- 
rameters in the boundary of the Mandelbrot set has Lebesgue measure zero. 
Further applications of those results can be found in the companion paper 
IAM3I . 
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1. Introduction 

A unimodal map is a smooth (at least C 2 ) map /:/—►/, where / C R is an 
interval, which has one unique critical point c € int / which is a maximum. Let 
us say that / is regular if it has a quadratic critical point, is hyperbolic and its 
critical point is not periodic or preperiodic. By a result of Kozlovski |K2| . the set 
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of regular maps coincide with the set of structurally stable unimodal maps, and 
it follows that the set of regular maps is open and dense in all smooth (and even 
analytic) topologies. 

The most studied family of unimodal maps is the quadratic family p\ — A — x 2 , 
— 1/4<A<2. In AMI] it was shown that for a typical non-regular quadratic map 
p\ , the phase space of p\ near the critical point and the parameter space near 
Ao are related by some metric rules called the Phase-Parameter relation (notice 
that it is crucial that the phase and parameter of the quadratic family have the 
same dimension). The proof of AMI was tied to the combinatorial theory of the 
Mandelbrot set, so it can only work for quadratic maps (or, at most, full unfolded 
families of quadratic-like maps, see (L3|). 

Let us say that an analytic family of unimodal maps is non-trivial if regular 
parameters are dense (in particular non-trivial analytic families are dense in any 
topology). The first main result of this paper is the following (see Sj7|for the precise 
definition of the Phase-Parameter relation) : 

Theorem A. Let fx be a one-parameter non-trivial analytic family of unimodal 
maps. Then f\ satisfies the Phase-Parameter relation at almost every non-regular 
parameter. 

The Phase-Parameter relation has many remarkable consequences for the study 
of the dynamical behavior of typical parameters. Our second main result is an 
application of the Phase-Parameter relation: 

Theorem B. Let f\ be a non-trivial analytic family of unimodal maps (any 
number of parameters). Then almost every parameter is either regular or has a 
renormalization which is topologically conjugate to a quadratic polynomial. 

This result allows one to reduce the study of typical unimodal maps to the 
special case of unimodal maps which are quasiquadratic (persistently topologically 
conjugate to a quadratic polynomial). 

1.1. Application: statistical properties of typical unimodal maps. Typi- 
cal quasiquadratic maps had been previously studied in |AM2| . Their main result 
is that the dynamics of typical quasiquadratic maps have an excellent statistical 
description (in terms of physical measures, decay of correlations and stochastic sta- 
bility), thus answering the Palis Conjecture (see AM2 for details) in the unimodal 
quasiquadratic case. 

For regular maps, the good statistical description comes for free. For a non- 
regular map /, it is related to essentially two properties regarding its critical point 
c: the Collet-Eckmann condition 1 and subexponential recurrence 2 . 

Thus, |AM2| achieves the good statistical description via a dichotomy: typical 
quasiquadratic maps are either regular or Collet-Eckmann and subexponcntially 
recurrent. This is done in both the analytic case and the smooth case (C fc , k = 
3, oo). For typical non-regular analytic quasiquadratic maps, it is proved even 
more, that the critical point is polynomially recurrent 3 . 



unimodal map / is Collet-Eckmann if \D / n (/(c))| > CX n for some constants C > and 

A > 1. 

2 That is, for every a > 0, |/™(c) — c| > e~ an for n sufficiently big. 

3 That is, there exists 7 > such that |/ n (c) — c > n~ 7 for every n sufficiently big. 
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Our Theorem B allows us to immediately obtain the analytic case in our more 
general setting (see Theorem 110. II for a more precise statement): 

Corollary C. Let f\ be a non-trivial analytic family of unimodal maps (in 
any number of parameters). Then almost every non-regular parameter is Collet- 
Eckmann and its critical point is polynomially recurrent. 

This allows us not only to generalize the smooth case of |AM2| besides quasi- 
quadratic maps, but to reduce the differentiability requirements, including the C 2 
case in the description (see Theorem 1 10. 31 for a more precise statement): 

Corollary D. In generic smooth (C k , k = 2, oo) families of unimodal maps 
(any number of parameters), almost every parameter is regular, or has a renormal- 
ization which is conjugate to a quadratic map, is Collct-Eckmann and its critical 
point is subexponentially recurrent. 

Remark 1.1. The dichotomies in Corollaries C and D imply that the dynamics of 
typical non-regular unimodal maps have the same excellent statistical description 
of the quasiquadratic case studied by |AM2j , see also Remark 110.11 for a list of 
references. In particular, our Corollaries C and D give an answer to the Palis 
Conjecture in the general unimodal case. 

1.2. Sharpness. The Phase-Parameter relation allows one to obtain very precise 
estimates on the dynamics of typical parameters. For instance, the statistical anal- 
ysis of |AM1| could compute the exact exponent of the polynomial recurrence 4 in 
the case of the quadratic family. The method used in |AM2j to extend results from 
the quadratic family to other non-trivial families of quasiquadratic maps (based on 
comparison of the respective parameter spaces) introduces unavoidable distortion 
and can not be used to estimate the exponent of the recurrence even in the quasi- 
quadratic case. Our Theorem A implies that the same sharp estimates obtained 
for the quadratic family remain valid in general. 

Corollary E. Let fx be a non-trivial analytic family of unimodal maps (any 
number of parameters). Then almost every parameter is either regular or has a 
polynomially recurrent critical point with exponent 1 . 

We call the attention of the reader to the companion paper [A"M5] where much 
more refined statistical applications of Theorem A are obtained. Those results are 
inaccessible by the methods of AM 2 . and indeed are used to show the limitations 
of estimates based on comparison of parameter spaces of different families with 
respect to direct Phase-Parameter estimates. 

1.3. Complex parameters. A very natural question raised by the description 
of typical parameters in the real quadratic family is if the results generalize to 
complex parameters. It is widely expected that the description should be actually 
simpler: almost every complex parameter should be hyperbolic. However, only 
partial results are available. 

In this direction, let us remark that the argument of the proof of Theorem B can 
be also applied in the complex setting, and leads to a new proof of the following 
result of Shishikura (unpublished, a sketch can be found as Theorem 4 in Sh ): 

4 The exponent of the polynomial recurrence of the critical point c of a unimodal map / is the 
infimum of all 7 > such that, for n sufficiently big, |/ n (c) — c| > n '. 
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Theorem F. The set of non-hyperbolic, non-inBnitely renormalizahle complex 
quadratic parameters has zero Lehesgue measure. 

We discuss this application in Appendix B. 

1.4. Outline of the proof of Theorem A. The proof of Theorem A can be 
divided in four parts. The crucial step of this paper is step (2) below, which allows 
us to integrate the work of |AMlj and |ALM| . 

(1) Following |L3| and the Appendix of jAMlj . we describe a complex analogous 
of the Phase-Parameter relation for certain families of complex return type maps, 
which model complex extensions of the return maps R n : I n — > I n to the principal 
nest of a unimodal map /. This study is restricted to the class of so called full 
families. 

(2) We show that through any given analytic unimodal map / (assumed finitely 
renormalizable with a recurrent critical point), there exists an analytic family fx 
(constructed explicitly) which gives rise (after a generalized renormalization pro- 
cedure) to a full family of complex return type maps. Using step (1), we conclude 
that the Phase-Parameter relation is valid at / for this special family f\. By 
construction, this family is tangent to a certain special infinitesimal perturbation 
considered in |ALM| . where this perturbation had been shown to be transverse to 
the topological class of / (which is a codimension-one analytic submanifold) . 

(3) We show that if the Phase-Parameter relation is valid for one transverse family 
at /, then it is valid for all transverse families at /. This step is heavily based on 
the results of ALM : in order to compare the parameter space of both families, 
one uses the local holonomy of the lamination associated to the partition of spaces 
of unimodal maps in topological classes. 

(4) Using a simple generalization of |ALM| we conclude that a non-trivial family 
of unimodal maps is transverse to the topological class of almost every non-regular 
parameter, and that typical parameters are finitely renormalizable with a recurrent 
critical point. This concludes the proof of Theorem A. 

1.5. Structure of the paper. In fJ2I we give some basic background on quasicon- 
formal maps and holomorphic motions. In we discuss the dynamics of families of 
complex return- type maps (this is based on |L3| ) and obtain some Phase-Parameter 
estimates in this context (following the sketch of the Appendix of AMI ). In 21 
we present the results of Lyubich in L2J and |L3j in the generality needed for our 
applications. In jj^lwe present the basic theory of unimodal maps, and in H5.fi! we 
introduce the results of |ALM| on the lamination structure of topological classes 
of unimodal maps and state some straightforward generalizations (some details are 
given in Appendix A). In ^we construct a special analytic family of unimodal 
maps which induce a full family of return type maps and in |3we state and prove 
the Phase-Parameter relation for the special family. In SJB1 and we prove Theo- 
rems A and B, and in ill 01 we show the relation to the corollaries. In Appendix B 
we give a proof of Theorem F. 

Acknowledgements: Most of the results of this paper were announced in |Av2| . 
and, together with |AMlj . |AM2j and formed the thesis of the first author. 

The first author would like to thank Welington de Melo and Mikhail Lyubich who 
collaborated in those works, and to Viviane Baladi and Jean-Christophe Yoccoz for 
useful conversations. 
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2. Preliminaries 

2.1. General notation. Let f2 be the set of finite sequences (possibly empty) of 
non-zero integers d— j m ). 

A Jordan curve T is a subset of C homeomorphic to a circle. A Jordan disk is a 
bounded open subset U of C such that dU is a Jordan curve. 

We let B r (w) = {z G C\\z - w\ < r}. Let D r = D r (0), and B = Di. If r > 1, 
let A r = {z G C|l < \z\ < r}. An annulus A is a subset of C such that there exists 
a conformal map from A to some A r . In this case, r is uniquely defined and we 
denote the modulus of A as mod(A) = ln(r). 

2.2. Graphs and sections. Let us fix a complex Banach space E. If A C E, a 
graph of a continuous map cj) : A — > C is the set of all (z, 0(z)) G E © C, z G A. 

Let : E -> E © C be defined by 0(z) = (z, 0). 

Let 7Ti : E © C — > E, 7T2 : E © C — > C be the coordinate projections. Given a set 
A" C E © C we denote its fibers X[z] = tt 2 (X (1 7rf 1 (z)). 

A fiberwise map .7 r :A'^EffiCisa map such that 7Ti o T = 7Ti. We denote its 
fibers F[z] : X[z] -> C such that F{z,w) = (z,F[z](w)). 

Let S r (E) be the ball of radius r around 0. 

2.3. Quasiconformal and quasisymmetric maps. Let U C C be a domain. A 
map h : U — > C is K -quasiconformal (K-qc) if it is a homeomorphism onto its 
image and for any annulus A C U, mod(A)/K < mod(h(A)) < Kmod(A). The 
minimum such K is called the dilatation Di\(h) of h. 

A homeomorphism h : R — > M is said to be 7-quasisymmctric if it has a real- 
symmetric extension h : C — > C which is quasiconformal with dilatation bounded 
by 7. If X C M, we will also say that h : X — > R is 7-qs if it has a 7-qs extension. 

A quasiconformal vector field a of C is a continuous vector field with locally 
integrable distributional derivatives da and da in L 1 and 9a G 

2.4. Holomorphic motions. Let A be a connected open set of a Banach space 
E. A holomorphic motion h over A is a family of holomorphic maps defined on 
A whose graphs (called leaves of h) do not intersect. The support of h is the set 
X C C 2 which is the union of the leaves of h. 

The transition (or holonomy) maps h[z, w] : X[z] — > X[w], z, w G A, are defined 
by h[z, w](x) =y if (z,a;) and (iu, y) belong to the same leaf. 

Given a holomorphic motion h over a domain A, a holomorphic motion hi over 
a domain A' G A whose leaves are contained in leaves of h is called a restriction of 
h. If h is a restriction of h! we also say that h! is an extension of ft.. 

Let if : [0, 1) — > R be defined by K(r) = (1 + p)/(l - p) where < p < 1 is such 
that the hyperbolic distance in B between and p is r. 

A-Lemma ( MSS , BR ) Let h be a holomorphic motion over a hyperbolic 
domain A G C and let z, w G A. Then h[z, w] extends to a quasiconformal map of 
C with dilatation bounded by K(r), where r is the hyperbolic distance between z 
and w in A. 

in the general case (A not one-dimensional), the same estimate holds with the 
Kobayashi distance instead of the hyperbolic distance. In particular, if h is a 
holomorphic motion over B r (E), and if z,w G -B r / 2 (E) then h[z, w] = 1 + 0(\\z — 

HI). 
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If h = hjj is a holomorphic motion of an open set, we define T)i\(h) as the 
supremum of the dilatations of the maps h[z,w]. 

A completion of a holomorphic motion means an extension of h to the whole 
complex plane: X[z] — C for all z G A. The problem of existence of completions is 
considerably different in one-dimension or higher: 

Extension Lemma (|Sl]) Any holomorphic motion over a simply connected 
domain A C C can be completed. 

Canonical Extension Lemma ( BR ) Let h be a holomorphic motion over 
B r (E). Then the restriction of h to i? r / 3 (E) can be completed in a canonical way. 

2.4.1. Symmetry. Let us assume that E is the complexihcation of a real-symmetric 
space E R , that is, there is a anti- linear isometric involution conj fixing E R . Let us 
use conj to denote also the map (z, w) — > (conj z, w) in E © C. 

A set X C E, E © C is called real-symmetric if conj (A) = X. Let A C E be a 
real-symmetric domain. A holomorphic motion h over A is called real-symmetric if 
the image of any leaf by conj is also a leaf. 

The systems we are interested on are real, so they naturally possess symmetry. 
In many cases, we will consider a real-symmetric holomorphic motion associated 
to the system, which will need to be completed using the Extension Lemma (in 
one-dimension) or the Canonical Extension Lemma (in higher dimensions). 

Since the Canonical Extension Lemma is canonical, it can be used to produce 
real-symmetric holomorphic motions out of real-symmetric holomorphic motions 
(see Remark 2.2 of |ALM| ) . On the other hand, the Extension Lemma adds ambi- 
guity on the procedure, since the extension is not unique. In particular, this could 
lead to loss of symmetry. In order to avoid this problem, we will choose a little bit 
more carefully our extensions. The relevant result is then the following: 

Real Extension Lemma. Any real-symmetric holomorphic motion over a 
simply connected domain AcC can be completed to a real-symmetric holomorphic 
motion. 

This version of the Extension Lemma can be proved in the same way as the 
non-symmetric one 5 . 

So we can make the following: 

Symmetry assumption. Extensions of real-symmetric motions will always be 
taken real-symmetric. 

2.4.2. Notation warning. We will use the following conventions. Instead of talking 
about the sets A[z], fixing some z £ A, we will say that h is the motion of X over 
A, where X is to be thought of as a set which depends on the point zeA. In other 
words, we usually drop the brackets from the notation. 

We will also use the following notation for restrictions of holomorphic motions: 
if Y C X, we denote y C X as the union of leaves through Y . 

^This is particularly easy to check in Douady's proof \B\ of the Extension Lemma. Indeed, 
there exists only one step which could lead to loss of symmetry, and thus needs to be looked more 
carefully in order to obtain the Real Extension Lemma: in Proposition 1 we should make sure 
that the (not uniquely defined) diffcomorphism F is chosen real-symmetric (the proof that this is 
possible is the same). 
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2.5. Codimension-one laminations. Let F be a Banach space. A codimension- 
one holomorphic lamination C on an open subset W C F is a family of disjoint 
codimension-one Banach submanifolds of F, called the leaves of the lamination such 
that for any point p E W, there exists a holomorphic local chart $ : VV — > V © C, 
where W C W is a neighborhood of p and V is an open set in some complex Banach 
space E, such that for any leaf L and any connected component Lq of L H W, the 
image $(Lo) is a graph of a holomorphic function V — * C. 

It is clear that the local theory of codimension-one laminations is the theory of 
holomorphic motions. For instance, the A-Lemma implies that holonomy maps of 
codimension-one laminations have quasiconformal extensions, and gives bounds on 
the dilatation of those extensions. 

3. Complex dynamics 

In this section we introduce some basic language necessary to describe precisely 
the constructions of |L3| . Although this language may seem at first technical and 
heavy, it will allow us to give formal and concise proofs of the results we need 
(which are extensions of the results of |L3|L We warn the reader that the notation 
is different from |L3j . 

Through this section, we will deal exclusively with one-dimensional holomorphic 
motions over some Jordan domain AcC. 

3.1. i?-maps and L-maps. Let U be a Jordan disk and U 3 , j E Z be a family of 
Jordan disks with disjoint closures such that U 3 C U for every j E Z. We assume 
further that E U°. A holomorphic map R : LiU 3 — » U is called a i?-map (return 
type map) if for j ^ 0, R\U 3 ' extends to a homeomorphism R : U 3 — > U and R\U° 
extends to a double covering map R : U° — > U ramified at 0. 

For d E Q., d = (ji, j m ), we define U- = {z E U\ i? fe_1 (z) E U 3k , 1 < k < m} 
and we let R± = R rn \Uk Let W± = {R^iU"). 

Given an i?-map R we define an L-map (landing type map) L{R) : UW- — > U°, 
by setting L(R)\W- = R- (thus L(R) is the first landing map to U° under the 
dynamics of R). We will say that L(R) is the landing map associated with (or 
induced from) R. 

3.1.1. Renormalization. Given an i?-map R such that R(0) E UVF- we can define 
the (generalized in the sense of Lyubich) renormalization N(R) as the first return 
map to U° under the dynamics of R. It follows that N(R) = L(R)oR where defined 
in U°, and that N(R) is also an i?-map. 

3.2. Tubes and tube maps. A proper motion of a set X over A is a holomorphic 
motion of X over A such that for any z E A, the map h[z] : A x X[z] — > X 
defined by h[z](u>,x) — (w, h[z,w](x)) has an extension to A x X[z] which is a 
homeomorphism. 

An equipped tube hx is a holomorphic motion of a Jordan curve T . Its support 
is called a tube. We say that an equipped tube is proper if it is a proper motion. Its 
support is called a proper tube. The filling of a tube T is the set U C A x C such 
that U[z] is the bounded component of C \ T[z], z £ A. 

A special motion is a holomorphic motion h — hxuT such that X is contained 
in the filling hi of T, /i|T is an equipped proper tube and the closure of any leaf 
through X does not intersect the closure of T. 
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If T is a tube over A, and U is its filling, a fiberwise holomorphic map T :U — » C 2 
is called a tube map if it admits a continuous extension to IA. 

3.2.1. Tube pullback. Let : V — * C 2 be a tube map such that T(dV) = dU, where 
IA is the filling of a tube over A and let ft be a holomorphic motion supported on 
U n7rf 1 (A). Let T be a (parameter) open set such that T C A and W be a (phase) 
open set which moves holomorphically by ft over A and such that W C U. Assume 
that W contains critical values of J-\(V PI ti^ (T)), that is, if A G T, z G V[A] and 
DF[X] (z) = then F[X] (z) G W\X\. _ 

Let us consider a leaf of ft through z G U \ W, and let us denote by £(z) its 
preimage by J- intersected with 7r 1 ~ 1 (r). Each connected component of £{z) is a 
graph over T, moreover, £(z) C So the set of connected components of £(z), 
z G U \ W is a holomorphic motion over T. We define a new holomorphic motion 
over r, called the lift of ft by (J 7 , T, W), as an extension to the closure of V of the 
holomorphic motion whose leaves are the connected components of £(z), z G U\ W 
(the lift is not uniquely defined). It is clear that this holomorphic motion is a 
special motion of V over T and its dilatation over F _1 (C7 \ W) is bounded by K(r) 
where r is the hyperbolic diameter of T in A. 

3.2.2. Diagonal and Phase-Parameter holonomy maps. Let h be an equipped proper 
tube supported on T. A diagonal of T is a holomorphic section '5 : A — * C 2 (so 
that 7i"i o $ = id), admitting a continuous extension to A, and such that 'J (A) is 
contained on the filling of T and for A G A, h[X] o ^\dA has degree one onto T[X}. 

Let h — hxur be a special motion and let $ be a diagonal of h\T. It is a 
consequence of the Argument Principle (see |L3| ~1 that the leaves of h\X intersect 
$(A) in a unique point (with multiplicity one). From this we can define a map 
\[X] : X[X] — > A such that x[A](z) = w if (A, z) and $(w) belong to the same leaf of 
h. It is clear that each x[A] is a homeomorphism onto its image, moreover, if U G X 
is open, x[A]|t/[A] is locally quasiconformal, and if Dil(/i|J7) < oo then x[A]|£/[A] is 
globally quasiconformal with dilatation bounded by Di\(h\U). 

We will say that x is the holonomy family associated to the pair (h, $). 

Remark 3.1. Let ZiyuT be a special motion, $ a diagonal, and let \ be the holonomy 
family associated to (h, $). Let X be compactly contained in U. Then the A-lemma 
implies that for every A G X, %[A]|X[A] extends to a qc map of the whole plane 6 . 

If xPO has small hyperbolic diameter in x(E/) then one can say more: this qc 
extension has dilatation close to 1. Indeed, in this case there is a Jordan domain 
X C U' C U such that x(U') has small hyperbolic diameter in x(P) an( i x{X) has 
small hyperbolic diameter in x(U')- Using the A-lemma, one sees that for A G U', 
x[X]\U'[X] has dilatation close to 1, and we may apply the previous argument. (This 
does not work if we only know that X has small hyperbolic diameter in U.) 

3.3. Families of i?-maps. An R-family is a pair (1Z, h), where 1Z is a holomorphic 
map 1Z : UW — ► U such that the fibers R[X] of TZ are i?-maps, for every j, 1Z\W 
is a tube map, and h — hjj is a holomorphic motion such that h\(dU U UjdUj) is 
special. If additionally 1Z o is a diagonal to ft, we say that the 1Z is full. 



6 Here we use that the restriction of a quasiconformal map x to a compact subset of its domain 
always admits a global qc extension (the bounds on the dilatation of the global extension depending 
on the original bounds and on the hyperbolic diameter of X m U). 
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3.3.1. From R-families to L-families. Given an i?-family 1Z with motion h = hjj 
we induce a family of L-maps as follows. If d G CI, d — (ji, ..., j m ), we let U- = 
{(X,z) G U\R k - 1 [X](z) G U jk [X]} and define VA = K m \U±. Let = (ft^)" 1 ^ ). 
We define L(1Z) : UW^ -» U° by L(7e)|W^ = 7^. Notice that the L-maps which 
are associated with the fibers of 1Z coincide with the fibers of L(1Z). 

We define a holomorphic motion L(h) in the following way. The leaf through 
z G dU is the leaf of h through z. If there is a smallest U- such that z G U-, we 
let the leaf through z be the preimagc by KA of the leaf of h through -RA(z). We 
finally extend it to U using the Extension Lemma. 

The L-family associated to (1Z, h) is the pair (L(1Z), L(h)). 

3.3.2. Parameter partition and family renormalization. Let (TZ, h) be a full R- 
family. Since L(h)\(U U Uj£7 J ) is special, we can consider the holonomy family 
of the pair (L(h)\(U U UjU j ),TZ(0)), which we denote by \- We use \ to partition 
A: we will denote = X {U-) and F- = x{W~)- 

The rf-rcnormalization of (1Z, h) is the ^-family {N±{U), N±(h)) over L- defined 
as follows. We take N±(h) as the lift of L{h) by (TZ\U°,T-, W-) where defined. It 
is clear that (N-(1Z), N—(h)) is full, and its fibers are renormalizations of the fibers 
of (1Z, h). Moreover, N-(h) is a special motion. 

3.3.3. Chains. An R-chain over Ao is a sequence of full i?-families (7£j,/ij), over 
domains Aj, i > 1, such that Ao G flAj and which are related by renormalization: 
7^ J+ i = N^(1Zi), h i+ i = N-i(hi) for some sequence d i . We will say that a level IZi 
of the chain is central if jdj = 0. 

3.3.4. Gape motion. In the situations we shall face, the central puzzle piece Uf 
degenerates to a figure eight when A goes to the boundary of dAi. This will force 
us to consider a technical modification of the holomorphic motion hi as follows. 

For i > 1, let be a holomorphic motion of f/j_i over A"!^ 1 which 

coincides with L(hi_i) on [7j_i \ Uf_ 1 , and coincides with the lift of L(h) by 

Notice that for i > 1, the motion /ij (and hence L(hi j) is special, since it is 
obtained by renormalization. So for i > 2, the motion G(hi-i) is special. Moreover, 

it is easy to see that (T^.^^ 1 ' +1 o 0) | A— ^— 1 (which extends (7£jo0)|Aj + i) is a diagonal 
to G(/h_i). 

3.3.5. Real chains. A fiberwise map T : A" — > C 2 is real-symmetric if A" is real- 
symmetric and To conj = conj oJP. We will say that a chain {7^i} over a parameter 
A e 1 is real-symmetric if each TZi and each underlying holomorphic motion hi is 
real-symmetric. 

Because of the Symmetry assumption, a chain {TZi} over a parameter A G M is 
real-symmetric provided the first step data TZi and hi is real-symmetric. In this 
case, all objects related to the chain are real-symmetric. 

Remark 3.2. If TZi is real-symmetric then hi can always be modified to be real- 
symmetric. Indeed if TZi is real-symmetric then dU\ U UdU( is a real-symmetric set 
and it is enough to check that hi\(dUi U UdUf ) is already real-symmetric. To see 
this, first notice that if X[X] moves holomorphically and X has empty interior then 
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the holomorphic motion of X is unique 7 . This implies that if X[X] is real symmetric 
with empty interior then any motion of X[X] is also real-symmetric. 

3.4. Complex Phase-Parameter estimates. We shall now show how estimates 
on the geometry of parapuzzle pieces yield automatically estimates on the regularity 
of holonomy maps. We shall need four specific statements, contained in two lemmas. 

Lemma 3.1. Let us consider an R-chain (IZi, hi) over Xq, and let n be such 
Ri[Xo](0) £ Up[Xo]- For i > 1, let \i be the holonomy family associated to 
(L(hi), IZioO). For every 7 > 1 there exists K > such that z/mod(Ai_i \ A^) > K 
and mod([/j_i [Ao] \ CA[Ao]) > K then 

[CPhPhl] For every X £ Ap[Ao], L(hi)[Xo, A] | [Ao] has a j-quasiconformal exten- 
sion to the whole complex plane, 

[CPhPal] Xi[^o] \Up [Ao] has a j-quasiconformal extension to the whole complex 
plane. 

Moreover, if the R-chain (IZi, hi) is real then the claimed extensions can be taken 
real as well. 

Proof. Both items (1) and (2) follow easily from the A-lemma (see also Remark l3.1|) 
if we can stablish that mod(Ai \ A]*) is big. 

The hypothesis on mod(J7i_i [A ] \[/;[Ao]) implies that mod(£/i[Ao] \E^ ri [^o]) and 
mod([/i[Ao] \ U®{Xq}) are bigger than K/2. If K is big, this implies that there is 
an annulus of big modulus contained in JZ;[A ] \ cf°[Ao] and going around Up[\o\. 
Using again that K is big and the hypothesis on mod(Ai_i \ A.;), we see that the 
dilatation of hi\(Ui \ Uf) is small (A-lemma). We conclude that mod(Ai \ AT"*) is 
big as required. □ 

Lemma 3.2. Let us consider an R-chain (IZi, hi) over Xq. For i > 2, let Xi be the 
holonomy family associated to (G(/ii_ 1), TZ~li 1 + o 0) For every 7 > 1 there exists 
K > such that i/mod(Aj_ 2 \ Aj_i) > K and mod(£/i_i [Ao] \ C/i_i[Ao]) > K then 
[CPhPh2] For every X £ Aj, G(hi- i)[Ao, A] \Ui-i [Ao] has a ^-quasiconformal exten- 
sion to the whole complex plane, 

[CPhPa2] Xi [Ao] | t^i [Ao] has a j-quasiconformal extension to the whole complex 
plane. 

Moreover, if the R-chain (IZi, hi) is real then the claimed extensions can be taken 
real as well. 

Proof. Both items (1) and (2) follow easily from the A-lemma (see also R,emark l3.1|) 
if we can stablish that mod(A~l" 1 1 \ A^) is big. 

The hypothesis on mod(Ai_ 2 \ A,_i implies that the dilatation of L(hi-\)\(Ui-i \ 
Ui) is less than 2 (provided K is sufficiently big). Notice that A"!"^ 1 \ A* = 

Xi-ii^iufli 1 [X ] \ W^^Ao]), where Xi-l i s the holonomy family associated to 
(L(hi^i),lZi-i o 0). The hypothesis on mod([/i_i [Ao] \ [/^[Ao]) (which equals 

mod(ufi~ 1 1 [A ] \ wfl\ x [A ])) then implies that mod(Afr l 1 \M) is big (at least K/2) 
as required. □ 



7 In this case C \ X also moves holomorphically by some motion obtained from the 

Extension Lemma, and the motion of X can be seen as coming from the extension of to the 

closure C \ X = C, and this extension is unique. 
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4. Puzzle and parapuzzle geometry 

In this section we will recall an important part of Lyubich's theory of the qua- 
dratic family (regarding linear growth of moduli of certain phase and parameter 
annuli) , and will discuss the validity of those results in the context of more general 
R- chains. 

4.1. Puzzle estimates. The following result is contained on (the proof of) Theo- 
rem II of [LI]: 

Theorem 4.1. For every C > 0, there exists C > with the following property. 
Let Ri be a sequence of R-maps such that R4+1 = N(Ri) and let — 1 be the 
sequence of non- central levels, so that R nk -i(0) £ U^ k _ 1 . If mod(Z7i \ U®) > C 
then mod(£4 fc \£/jQ > C. 

(In Lyubich's notation, i?-maps are called generalized quadratic maps.) 
The following result is Theorem III of |L2| : 

Theorem 4.2. For every C > 0, there exists C" > with the following property. 
Let Ri be a sequence of R-maps such that R4+1 = N(Ri) and let n& — 1 be the 
sequence of non-central levels. If mod(C/i \ Uf) > C then mod(U nk \ ) > C"k. 

4.2. Parapuzzle estimates. 

4.2.1. The quadratic family. Let p c (z) — z 2 + c be the quadratic family. The 
following result is contained in Lemma 3.6 of |L3| : 

Theorem 4.3. Let us fix a non-renormalizable quadratic polynomial p cg with a 
recurrent critical point and no neutral periodic orbits. Then there exists a full R- 
family 1Z\ over some cq £ Ai such that if c E Ai then R[c] : UU([c] — > U\[c] is the 
first return map under iteration by p c . 

The following is Theorem A of |L3| : 

Theorem 4.4. In the setting of Theorem let IZi be the R-chain over cq with 
first step 1Z\. Ifnk— 1 denotes the k-th non-central return, then mod(A„ fe \A nfc -|_i) > 
Tk, for some constant T > 0. 

Remark 4.1. In Lyubich's notation he lets A 1 = A ni and LP = A°. . He states that 
both mod(A z \ A l+1 ) and mod(A l \ LI J ) grow linearly. His statement implies ours 
after one notices that if n, + 1 = n,+i then A l+1 = A ni+ i, otherwise n l = A„ i+ i. 

Those two results are proved in a slightly more general setting then we state here: 
they are valid for so-called full unfolded families of quadratic-like maps. This version 
allows one to state results also for finitely renormalizable quadratic polynomials (via 
renormalization) . 

4.2.2. General case. The following more general theorem can be proved using the 
ideas of Theorem A of |L3j but it is a little bit tedious to check the details (it is 
necessary to get deep into the construction of |L2|1. 

Theorem 4.5. For every K > 1, T > 0, there exists T' > with the following 
property. Let (TZi,hi) be a R-chain over Ao and let — 1 be the sequence of 
non-centra l levels . If Dih7u|(f/i \ U?)) < K and mod(J7i[A] \ U°[X]) > T then 
mod(A„ fe \ A„ fc+ i) > T'k. 
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Since we do not need the full strength of the previous theorem, we will state and 
prove a weaker estimate using a simple inductive argument. 

Theorem 4.6. For every K > 1, there exists constants T' > 0, T" > with the 
following properties. Let (IZi, hi) be a R-chain over Xq and let n^ — 1 be the sequence 
of non-central levels. IfBil(hi\{Ui \Tif) < K and mod(J7i[A ] \ Uf[A ]) > T' then 
mod(A„ fc \^WT)>r"fc. 

Proof. L et v< = mod(A i \ A~^7), m = mod(t/ i [A ] \ U l+1 [\ }), k t = Dil(ft< \U t [A ] \ 
C^+i[Ao])- For i > 1, denote by \i the holonomy family associated to (hi,lZi o 0). 

Notice that if v± > Co = 1000 then < 2. Moreover, for i > 1, and in 

particular for i = nk, we have Wj = mod(x?(L7i[Ao] \ J7j+i[Ao])) > Hi/ki. 

Let T = (4 + 2C ) (2 + if) and let V > T be so big that if /xi > T" then ^„ fc > T, 
k>l. Let also T" be such that if m > T then ^i„ fc > kT"(2 + K). 

Let us assume that for some m, we have /j, m > T and k m < (2 + X), and let 
m' > m be the next non-central return. 

For A G A m '+i, we have i?™'- m+1 (0) G W r i for some rf. Let T be the com- 
ponent of R m {0) of (i?™'" m |C/ m _1 (^4) and T' be the component of R m (0) of 
{R™- m \U m ,y\wi). 

Let i? m = L(h m ) outside of Um and let the leaves of H m \Um be the preimages 
by Rm of the leaves of h m . If m = m', let H = H m . Otherwise, notice that if 
A G A m /_i, then Rm~ m Wm'-x W is a 2 m ' _m branched covering map over U m [X], 
and for A G A mS R%'- m \U m ,[\] \ U^, [A] is unbranchcd. Let iJ be the lift of H m by 
(7?.™ ~ m \U m i, U^,, A m >). So in both cases, H is a holomorphic motion over A m /. 

With this definition, T and T' (which are apriori defined over A m '+i) move 
holomorphically with H (over A m i). 

Let % be the holonomy family of the pair (lZ m > o 0,H\dU m i U T). It is clear 
that Dil(x|T) is bounded by k m . In particular, we can estimate v m i > mod(T[Ao] \ 
T'[A ])/fe m = Mm/fcm > Mm/(2 + K) > C . With m = 1, we have k x < K <2 + K 
by hypothesis and m' = n\ — 1, so ^ ni _i > Hi/(2 + K) > T/(2 + K) > Co and 
k ni < 2 < 2 + K . With m = n^, we have that m' = nk+i — 1 and f„ fc+1 _i > 
M„ fc /(2 + if) > T/(2 + K) > C and /c„ fc+1 < 2 < 2 + if, provided fc„ fc < 2 + A". By 
induction, we have fc„ fc < 2 + AT for every k, so v nk > /i„ fc /(2 + AT) > T"/c. □ 

This simple inductive argument docs not seem to work easily to get the full 
Theorem ESP . 

5. Unimodal maps 

We refer to the book of de Melo & van Strien |MS| for the general background 
in one-dimensional dynamics. 

We will say that a smooth (at least C 2 ) map / : I — > I of the interval I = [—1,1] 
is unimodal if /(— 1) = —1, f(x) = f(—x) and is the only critical point of / and 
is non-degenerate, so that D 2 f(Q) ^ 0. 



^However, we will see that this is enough to yield the full power of Theorem B of IL3I (almost 
every non-regular finitely renormalizable quadratic map is stochastic), through the arguments of 
this paper. This approach only uses geometric estimates of puzzle pieces for real maps, and may 
be useful for generalizations beyond unimodal maps with a quadratic critical point. 
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Remark 5.1. The introduction of normalization and symmetry assumptions was 
made in order to avoid cumbersome notations: all results and proofs generalize to 
the non-symmetric case. See also Appendix C of |ALM . 

Remark 5.2. The assumption that the critical point is non-degenerate is made 
just for convenience: typical unimodal maps certainly have non-degenerate critical 
point. If one is not willing to make this assumption already in the definition, one 
should add the non-degeneracy condition to the Kupka-Smalc definition below. In 
this case it would still hold that in non-trivial analytic families the set of parameters 
with a degenerate critical point have zero Lebesgue measure (and is contained in a 
countable number of analytic subvarieties with codimension at least 1), see Lemma 

E3 

The theory of unimodal maps with fixed non-quadratic criticality is considerably 
different and less complete than the typical case, and the proofs of this work do 
not apply. 

Let U fe , k > 2 be the space of C k unimodal maps. We endow U* with the C k 
topology. 

Basic examples of unimodal maps are given by quadratic maps 

(5.1) q T : I —* I, q T (x) = t — 1 — tx 2 , 

where t G [1/2, 2] is a real parameter. 

A map / G U 2 is said to be Kupka-Smale if all periodic orbits are hyperbolic. It 
is said to be hyperbolic if it is Kupka-Smale and the critical point is attracted to a 
periodic attractor. It is said to be regular if it is hyperbolic and its critical point 
is not periodic or preperiodic. It is well known that regular maps are structurally 
stable. 

A A:-parameter C T (or analytic) family of unimodal maps is a C r (or analytic) 
map F : A x I — > I such that fx G U 2 , where f\(x) = F(X, x) where A C R k is a 
bounded open connected domain with smooth (C°°) boundary. We denote UF r (A) 
the space of C r families of unimodal maps, endowed with the C r topology. Notice 
that UF r (A) is a separable Baire space. 

We will not introduce a topology in the space of analytic families of unimodal 
maps. 

5.1. Combinatorics and hyperbolicity. Let / G U 2 . A symmetric interval 
T G / is said to be nice if the iterates of dT never return to int T. A nice interval 
T ^ J is said to be a restrictive (or periodic) interval of period m for / if f m (T) G T 
and m is minimal with this property. In this case, the map A o f m o A^ 1 : I — > I 
is again unimodal for some affine map A : T — > /: this map is usually called a 
renormalization of / if m > 1 or a unimodal restriction if m = 1. 

If T G I is a nice interval, the domain of the first return map Rt to T consists 
of a (at most) countable union of intervals which we denote TK We reserve the 
index for the component of 0: G T°, if returns to T. From the nice condition, 
Rt\T j is a diffeomorphism if ^ T\ and is an even map if G TK We call T° the 
central domain of Rt- The return Rt is said to be central if Rt(0) G T°. 

Under the Kupka-Smale condition, the dynamics outside a nice interval is hy- 
perbolic, and in particular persistent: 

Lemma 5.1. Let f G U 2 and let T C I be a symmetric interval. If all periodic 
orbits contained if I\mtT are hyperbolic (in particular if f is Kupka-Smale), then 
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(1) The set of points X C I which never enter int T splits in two forward invari- 
ant sets: an open set U attracted by a finite number of periodic orbits and a closed 
set K such that f\K is uniformly expanding: \Df n (x)\ > CX n , for x £ K and for 
some constants C > 0, A > 1. Moreover, preperiodic points are dense in K. 

(2) There exists a neighborhood Veil 2 of f and a continuous family of homeo- 
morphisms H[g] g £ V such that g o H[g]\I \ T — H[g] o /, and H[f] = id. 

Proof. The first item is a consequence of Mane's Theorem (see |MS) . Theorem 5.1 
and Corollary 1, page 248). Since hyperbolic sets are persistent, the second item 
follows. □ 

The following well known result shows that nice intervals allow one to study 
arbitrarily small neighborhoods of 0. 

Lemma 5.2. Let f £ U 2 be Kupka-Smale. If f is not hyperbolic and the critical 
orbit is infinite, then for every e > 0, there exists a nice interval [— p,p] C (— e, e) 
with p preperiodic. 

Proof. Let T be the intersection of all nice intervals containing whose boundary 
is preperiodic. If T {0}, then the domain of Rt is either T or empty. In the 
first case, Rt ■ T — > T has no fixed point in intT and it follows that R T l (mtT) 
converge to a periodic attractor in dT. Otherwise, by Lemma f5.ll int/(T) must 
be contained in the basin of a periodic attractor, so / is either hyperbolic or the 
critical point is preperiodic. □ 

The following is an easy consequence of Lemma 15.11 

Lemma 5.3. Let fx, A £ (— e, e) be a C 2 family of unimodal maps, and let T be 
a nice interval with preperiodic boundary for / = /o- Assume that there exists an 
interval £ J and a family T[X] of intervals with preperiodic boundary, such that 
T[0] = T and for A £ J, all non-hyperbolic periodic orbits of fx intersect intT[A]. 
Then there exists a continuous family of homeomorphisms H[X] : I I, A £ J 
such that H[X](T) = T[X] and fx o H[X]\{I \T) = H[X] o / and H[0] = id. 

5.1.1. Principal nest. We say that / is infinitely renormalizable if there exists ar- 
bitrarily small restrictive intervals T <Z I. Otherwise we say that / is finitely 
renormalizable . 

Let T C U 2 be the class of Kupka-Smale finitely renormalizable maps whose 
critical point is recurrent, but not periodic. If / £ the first return map f m : 
T — * T to its smallest restrictive interval has an orientation reversing fixed point 
which we call p. Let L\ = [— p,p]. Define a nested sequence of intervals Ii as follows. 
Assuming Li defined, let Ri be the first return map to Li and let Jj+i be the central 
domain if of Ri. 

The sequence Ii is called the principal nest of /. A level of the principal nest is 
called central if Ri is a central return. We say that a map / £ T is simple if there 
are only finitely many non-central levels in the principal nest. 

5.2. Negative Schwarzian derivative. The Schwarzian derivative of a C 3 map 
/ : I — > I is defined by 

Df 2 v Df 

in the complement of the critical points of /. If Sf and Sg are simultaneously 
positive (or negative) then S(g o /) is positive (or negative). 
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If / is a unimodal map the condition of negative Schwarzian derivative is very 
useful and can be exploited in several ways. One of the most used tools is the 
Koebe Principle: 

Lemma 5.4 (Koebe Principle, see |MS| . page 258). Let f : T — > M be a diffeomor- 
phism with non-negative Schwarzian derivative. Then for every Kq, there exists a 
constant kg such that ifT'cT and both components L and R of T\T' are bigger 
than K\T'\ for some constant K > Ko then the distortion of f\T' is bounded by kg. 
In particular, we have min{|/(L)|, |/(i?)|} > koK\f(T')\, for some ko depending 
only on Kq. Moreover, ko — > 1 as Kq — > oo. 

Quadratic maps have negative Schwarzian derivative. Moreover, one can often 
reduce to this situation as is shown by the following well known estimate: 

Lemma 5.5. If f G U 3 is infinitely renormalizable, then ifT C I is a small enough 
periodic nice interval, the first return map to T has negative Schwarzian derivative. 

Recently, Kozlovski showed that the assumption of negative Schwarzian can be 
often removed. The next result follows from Lemma 15. II and GSS (which is based 
on the work of Kozlovski |K1| ). 

Lemma 5.6. Let / £ f fl U 3 . There exists i > 0, an analytic diffeomorphism 
s : I I and a neighborhood V C U 3 of f , such that there exists a continuation 
J,[j], j £ V of Ii (H[g](Ii) = Ii[g) in the notation of Lemma \5.1\) such that the first 
return map to s(Ii[g]) by s o g o s _1 : 1 — ► J has negative Schwarzian derivative. 

5.3. Decay of geometry. The following result is due to Lyubich |Llj in the case 
of negative Schwarzian derivative and holds in general due to the work of Kozlovski: 

Lemma 5.7. Let f G T be at least C 3 , and let — 1 denote the sequence of 
non-central levels in the principal nest of f. Then \I nk+ i\/\I nk \ < C\ k for some 
constants C > 0, A < 1. 

5.4. Quasiquadratic maps. A map / G U 3 is quasiquadratic if any nearby map 
g G U 3 is topologically conjugate to some quadratic map. By the theory of Milnor- 
Thurston and Guckenheimer |MS| . a map / G U 3 with negative Schwarzian deriva- 
tive and D 2 /(— 1) < is quasiquadratic, so quadratic maps are quasiquadratic. The 
following results give sufficient conditions for a unimodal map to be quasiquadratic: 

Theorem 5.8 (see Lemma 2.13 of |ALMp . Let f G U 3 be a Kupka-Smale unimodal 
map which is topologically conjugate to a quadratic map. Then f is quasiquadratic. 

Theorem 5.9 (see Remark 2.6 of ALM ). Let f G U 3 . If f is not conjugate to a 
quadratic polynomial then there exists a (not necessarily hyperbolic) periodic orbit 
which attracts an open set. In particular, if all periodic orbits of f are repelling 
then f is quasiquadratic. 

Remark 5.3. Theorem 15 .81 is the reason that the quasiquadratic condition considers 
only C 3 maps and the C 3 topology (otherwise it would not be possible to guarantee 
that even quadratic maps are quasiquadratic). 

5.5. Spaces of analytic unimodal maps. Let a > 0, and let f2 a G C be the 

set of points at distance at most a of I. Let £ a be the complex Banach space 
of holomorphic maps v : Q a — » C continuous up to the boundary which are 0- 
symmetric (that is, v(z) — v(—z)) and such that v(— 1) = v(l) = 0, endowed with 
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the sup- norm ||u|| a = ||w||oo- It contains the real Banach space of "real maps" 
v, i.e, holomorphic maps symmetric with respect to the real line: v(z) = v(z). 

Let us consider the constant function —1 £ tt a . The complex affine subspace 
— 1 + £ a will be denoted as A a ■ 

Let U a — U 2 fl A a - It is clear that any analytic unimodal map belongs to some 
U Q . Note that U a is the union of an open set in the affine subspace = —1 + 5® 
and a codimension-one space of unimodal maps satisfying /(0) = 1. 

5.6. Hybrid lamination. One of the main results of |ALM| is to describe the 
structure of the partition in topological classes of spaces of analytic unimodal maps. 
In that paper, they consider only the quasiquadratic case, but their proof works for 
the general case (due to the results of Kozlovski) and gives the following: 

Theorem 5.10 (Theorem A of |ALM| ) ■ Let f £ U a be a Kupka-Smale map. There 
exists a neighborhood V C A a of f endowed with a codimension-one holomorphic 
lamination C (also called hybrid lamination) with the following properties: 

(1) the lamination is real- symmetric; 

(2) if g £ V l~l A* is non-regular, then the intersection of the leaf through g with 
A^ coincides with the intersection of the topological conjugacy class of g with V; 

(3) Each g £ V (~l A% belongs to some leaf of C. 

(For the definition of the leaves of C in the regular case, see Appendix A.) 

Theorem 5.11. In the setting of Theorem \5.1(A if <?i,<?2 £ V are in the same 
leaf of £ and 71(A), 72(A) are real analytic paths in V D A^, transverse to the 
leaves of V and such that 71 (Ai) = gi, 72^2) = <?2, then the local holonomy map 
ip : (Ai — e, Ai + e) — > (A2 — e', A2 + e') is quasisymmetric. Moreover, for S sufficiently 
small, ip\(Xi -S,Xx+S) is 1 + 0(\\gi - g 2 \\ a )-qs. 

Proof. This estimate is just the A-Lemma in the context of codimension-one com- 
plex laminations. □ 

Moreover, each non-regular topological class is like a Teichmuller space: 

Theorem 5.12. In the setting of Theorem \5.1 (A if g\,gi £ V fl U a belong to the 
same leaf of C, then there exists a 1 + 0(||<?i — g2\\a)-Qs map h : I — > I such that 
g2°h = ho gi . 

Proof. This follows from Proposition 8.9 of |ALM| and the A-Lemma. □ 

The tangent space to topological classes has a nice characterization: 

Theorem 5.13 (Theorem 8.10 of |ALM| 1. If f e U a is a non-regular Kupka-Smale 
map then the tangent space to the topological class of f is given by the set of vector 
fields v £ £ a which do not admit a representation v — a o / — aDf on the critical 
orbit with a a qc vector field of C. 

5.7. Analytic families. Let {/a}agA be an analytic family of unimodal maps. 
Then for a > sufficiently small, A i— > f\ is an analytic map from A to U Q . We say 
that f\ is non-trivial if the set of regular parameters is dense. 

If Ao £ A is a Kupka-Smale parameter, transversality to the topological class of 
Ao has the obvious meaning (using Theorem 15. 1U[) . We remark that this definition 
does not depend on the choice of U Q . 
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Remark 5.4. Let Bi be an enumeration of all open balls contained in A of rational 
radius and center. The condition of non-triviality of a family {/a}, A 6 A is an 
intersection of a countable number of conditions (existence of a regular parameter 
A S Bi). Each of those conditions is open in UF 2 (A). The set of non-trivial analytic 
families is also dense in the UF°°(A) (this would still hold natural topology of 
analytic families in A, which we did not introduce), due to Theorem 15. 101 

We should remark that for an analytic family of quasiquadratic maps, non- 
triviality is equivalent to existence of one regular parameter (since all non-regular 
topological classes are analytic submanifolds in the quasiquadratic case). In par- 
ticular, non-triviality is a C 3 open condition in the quasiquadratic case. 

6. Construction of the special family 

6.1. Puzzle maps. Let / € U Q be a finitely renormalizablc unimodal map with 
a recurrent critical point. Let us consider some nice interval A and let {A 3 } be 
the connected components of the domain of the first landing map from / to A . 
We call the family {A?} the real puzzle for / associated to A . The basic object 
used in |ALM| to analyze the dynamics of unimodal maps can be viewed as a 
complexification of such real puzzles, which are called simply a puzzle. 

The definition of puzzle in |ALM| is too general and technical for our purposes. 
In this paper, we will simply describe how to construct a puzzle for / (or rather a 
geometric puzzle, in the language of ALM ). Instead of giving the precise definitions 
of a puzzle, we will just obtain the properties that are needed for our results. 

Let us fix some advanced level n of the principal nest of / and assume that 
|-fn|/|^n-i| is very small. Let us fix the following notation: let A = I n and let 
{Aty be the real puzzle associated to A . We let A 1 be such that /(0) € A 1 . 

Given < 9 < ir/2, and A C R, let Dg(A) be the intersection of two round 
disks Di and D2 where Di PI R = A, dDi intersects R making an angle 9, and D2 
is the image of D\ by symmetry about R. The complexification of the real puzzle 
{A^} should be imagined as {Dg(A')} for a suitable value of 9. Of course, since 
the system is non-linear, the definition can not be so simple. Nevertheless, the 
condition |/ n |/|^n-i| small allows one to bound the nonlinearity of the first landing 
map to I n and we can obtain (see |ALM| . Lemma 5.5): 

Lemma 6.1. Let O<0<?/><7< tt/2 be fixed. For arbitrarily big k > 0, if 
|/ n |/|/ n _i| is small enough, there exists a sequence V 3 of open Jordan disks such 
that D ( p(A J ) C V J C D^(A^) and V° = £>(0+-0)/2(^ ) with the following properties: 

(1) If j an d f{AP) C A k then f : V 3 ' — > V k is a diffeomorphism; 

(2) If f(A°) n A> ^ 0, then mod f (V°) \ D 7 (A>) > k. 

6.2. A special Banach space of perturbations. Let A 1 = [I, r] with / < r, and 
let N = [—1, 1}. Domains V 3 which do not intersect A 1 or N will play no role in the 
construction to follow. Let V be the union of all such that A 1 cJVUi 1 . 

One of the main problems of |ALM| is to obtain a direction v (or infinitesimal 
perturbation) which is transverse to the topological class of /. The idea is to 
consider a perturbation which does not affect much / in N, but causes a bump 
near the critical value, localized in A 1 . There are several difficulties related to this 
scheme, the first of which is that such a bump can only be reasonably controlled up 
to its first derivative. Another difficulty is that we want an analytic perturbation, so 
it cannot vanish in N and be a bump at A 1 . The solution involves the consideration 
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of certain Banach spaces of smooth (C 1 ) functions in N U A 1 which are analytic 
in int N U intA 1 , which allows one to construct perturbations that, while badly 
behaved in the real line (can be only controlled up to the first derivative), are well 
behaved with respect to the complex puzzle structure. 

While the proof in |ALM| involves two steps, construction of a transverse smooth 
vector field and approximation of this vector field by polynomials, which need 
two different Banach spaces, we will realize the same construction with just one 
Banach space. This is important to estimate the asymmetric roles of perturbations 
concentrated in N and A 1 . The proof of our main perturbation estimate (Lemma 
16.41) is a mixture of two estimates, Lemma 7.4 (for perturbations localized in ^l 1 ) 
and Lemma 7.9 (for perturbations supported on N U A 1 ) of |ALM| . 

Let Z = D 1 (A 1 )UD 1 (N), and let T be the space of all vector fields v holomorphic 
on Z and whose derivative admits a continuous extension to Z, which vanish up to 
the first derivative in OA 1 and its forward iterates (this is a finite set) and such that 
v\D 7 (N) is a symmetric (odd) vector field. We use the norm = sup z6Z \Dv\. 

Let T = Ti e T 2 , where v £ T x if v\D^(N) = and v £ T 2 if v^^A 1 ) = 0. 

Let f v = f ° (id+u). The reader should think of vector fields v £ T as pertur- 
bations of / acting by v — -» f v . One of the main advantages of the definition of T 
is that, for small v £ T, "the puzzle persists", that is, there exists a continuation 
V v of the set V inside Z, whose connected components behave, under iteration by 
/„, in the same way that the connected components of V behaved under iteration 
by/. 

To make this more precise, let us say that v £ T is admissible if there exists a 
holomorphic motion h v over D, which is real-symmetric if v is real-symmetric, and 
is defined by the family of transition maps h v [Q, A] = h\ : C — > C, A £ D such that: 

(1) h\\<C\Z = id, hl\df(V°) = id; 

(2) f Xv o hl\V \V° = h x of, f Xv o h\\dV - /. 

The holomorphic motion h v will be said to be compatible with v. 
The following is a restatement of Lemma 7.9 of ALM . 

Lemma 6.2. There exists e > such that if v belongs to {v £ T|||u|| < e} then v 
is admissible. 

We also need the following simple estimate (see the proof of Lemma 7.4 of 
dEU): 

Lemma 6.3. Let < 9 < 7 < tt/2. There exists e' > such that if A is an 
interval and v is holomorphic on D 7 (A) whose derivative extends continuously to 
Dj (A) satisfying \Dv\ < e' then id+v : D-y(A) — > C is a diffeomorphism and 
De(A) c (id+v)(Dry(A)). 

Now we can prove: 

Lemma 6.4. There exists constants e\ > 0, e 2 > 0, where e\ depends only on ip 
and 7 such that if vi £ Ti, ||ui|| < t\ and V2 £ T 2 , \\v2W < £2 then v — v\ + v 2 is 
admissible. 

Proof. Let m be such that P^V 1 ) = V" and let 9 = [<ip + j)/2. 

Let v £ T with ||u|| < e. By Lemma 16.21 there exists a holomorphic motion h v 
compatible with v. 

We claim that if < e 2 < e is small enough and ||u|| < e 2 then for A £ D, 
hxiV 1 ) C Dg(A 1 ). Indeed, if this is not the case, there would be a sequence 
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z k £ dD e (A 1 ), v k £ T, v k -> 0, such that f^ +l (z k ) £ f(V°). It clearly follows 
that z k — * = r}, let us say that Zk — > It is clear that 

- + Df^ + \l)z k + o(z k ) = r +1 (l) + Dr +1 (l)z k + o(z k ). 

In particular, the sequence fy 1+1 (z k ) converges to f 711+1 (I) along a direction which 
makes angle with the real line (since Df ni+1 (l) £ K\ {0}), so f^ +1 (z k ) £ f(V°) 
for k big, which is a contradiction. 

Let e-y be as in Lemma 16.31 If v = V\ + v 2 , with £ Tj and ||uj|| < e,-, 
let h\ : C \ (^(A 1 ) \ F 1 ) be given by ^|(C \ ^(A 1 )) = h\ 2 and /i^F 1 = 
((id+A. t , 1 )|D 7 (y4 1 )) -1 o h " x . Any extension of h v x to C is clearly compatible with 
v. □ 

We will also need the following easy lemma: 

Lemma 6.5. If |J n |/|I n _i | is sufficiently small, then form — w± + W2 withwi £ TV, 
\\Wi\\ <e l , andforXeB, then (f Xw \h^(V°))~ 1 (D 1 (V 1 )) cD^ao^O), where p -> 

Proof. Let {7 = h x (V°) and C/° = (/v^W") -1 ^^ 1 ))- Notice that f Xw {0) = 
/(0) G D^V 1 )- Thus, /x w |(?7\ is a double covering of f(U ) \ D 1 (A 1 ). By 
Lemma liTTl if |/ n |/|^n-i| is small then mod(/(L r )\L ) 7 (A 1 )) is large, and so mod(f7\ 
U°) is also big. Since the derivative of id+Au> is smaller than max{l + ei, 1 + 62}, we 
see that the diameter of U is at most 2\A |, so the diameter of U° can be bounded 
by p|^4°|/2 with small p as required. □ 

6.3. Analytic vector fields. We will be specially concerned with special types 
of w which generate analytic families of unimodal maps. The following lemma is 
obvious: 

Lemma 6.6. If w £ T is real- symmetric and has an analytic extension w : I — » I 
of C 1 of norm less than one, such that w(— 1) = w(l) = 0, then f\ w , A € (— 1, 1) 
is an analytic family of unimodal maps, and J n is a nice interval with preperiodic 
boundary for each f\ w . 

The following is a consequence of the Mergelyan Polynomial Approximation 
theorem: 

Lemma 6.7. Let w £ T. Then there exists a sequence w m £ T such that the C 1 
norm of w m \I is less than \\w\\, w m (—l) = w m (\) = and w m — ► w in T. If w is 
real- symmetric then we can also choose w m real-symmetric. 

Lemma 6.8. Let w £ T be as in Lemma \6.b\ If w is admissible, then the domain 
of the first return map toI a under iteration by f Xw is ((id+Aw)|^(F°))" 1 (V A )n]R. 

Proof. By construction, all components of ((id +Aw)\h x "(V ))~ l (V) fll are com- 
ponents of the first return map to I n , so we just have to check that all components 
are of this form. Notice that each x £ V (~l (f(—l),l) has two preimages by / in 
V n ((-1,1) \ / n )- K follows that each x £ ^(V) H (f(-l),l) has two preimages 
by f x in h x (V) fl ((—1,1) \ I n ). Let now T be a component of the first return 
map to I n under iteration by f\ w . If T is the central component, then T must be 
the preimage of A\. Otherwise, all iterates of T up to the return are contained in 
(f(—l), I). Since int/ n C h™(V), we conclude that all iterates of T up to the return 
belong to h%(V). □ 
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6.4. A special perturbation. Let us consider an affine map Q : A 1 — > /, and let 

vJz) = (1 - z 2 ){l - e~ 2n ) + -( e -"( 1+z ) + e - n(1 -^ - e- 2n - 1), 

n 

and let v n £ Ti be such that w„|D 7 (^4 1 ) = Q*v n ei/8. Notice that \\v n \\ < e\. 

6.4.1. Infinitesimal transversality. The importance of the sequence v m in |ALM| is 
that it is eventually transverse to the topologically class of /. 

Let us say that w is formally transverse at f if there is no quasiconformal vector 
field a of C, such that for z G orb/(0), w(z) = f*a(z) — a(z). (This definition is 
motivated by Theorem 15. I'M see also Lemma \7.3\ ) 

The following summarizes Lemmas 7.6, 7.7 and 7.8 of |ALM| . 

Lemma 6.9. Let v m be defined as above. If |/ n |/|/ n _i| is sufficiently small, then 
for m sufficiently big, v m is formally transverse at f . 

The following is due to (a version of) the so called Key estimate of |ALM| (more 
precisely we use Corollary 7.14 of |ALM| ) : 

Lemma 6.10. The set of vector fields i»£T which are not formally transverse at 
f is a closed subspace of T . 

Remark 6.1. In particular, if m is sufficiently big and w is close to v m then w is 
formally transverse at /. 

6.4.2. Macroscopic transversality. The following result can be interpreted as the 
macroscopic counterpart to the infinitesimal transversality of v m . 

Let r > be minimal with / r+1 (0) E V 1 . 

Lemma 6.11. There exists a constant tq > depending only on e\ and <f>, such 
that if |/ n |/|/ n _i| is sufficiently small the following holds. Let v m be defined as 
above and let r > be minimal with / r+1 (0) G V . Then for m sufficiently big, 
there exists a domain 6cD such that the map 9 : O —* C given by 0(A) = f^ v (0) 
is a diffeomorphism onto D To |/ n |. 

Proof. Since ||i> m || < £i, there exists a holomorphic motion h Vm which is compatible 
with v m . 

Let "J : B — » C, *&(\) = (id +Xv m )(f(0)). It is clearly a diffeomorphism over a 
round disk D m centered on 0. Let d m be the hyperbolic distance between /(0) and 
dD m in It is easy to estimate directly d m from below in terms of ei and 

m. In particular, for m big, d m > f > where f depends only on ei, not on the 
position of /(0) in A 1 . 9 

Now let Q be the connected component of /(0) on /~( r ~ 1 ) (V°), so that / r_1 : 
Q — > V° is a diffeomorphism. The hyperbolic distance between dDDQ and /(0) in 
Q is bounded from below by f by the Schwarz Lemma (if dD n Q = 0, we let this 
distance be oo). It follows that f r ~ 1 {Q n D) contains a f hyperbolic neighborhood 
of / r (0) on V°. Now, if |/ n |/|-fn-i| is very small, then |/ n+ i|/|/ n | is also very small, 

^To see this, notice that D"I'(0) = t>m(/(0)), and the norm of v m (f(0)) in the hyperbolic 
metric of D^^iA 1 ) at /(0) is at least ei/10 for m big. Let P : 0,^(4') ->lbea Moebius 
transformation taking /(0) to 0. The the norm of D(P o 4')(0) in the hyperbolic metric of D at 
is at least ei/10, so the Euclidean norm of D(P o (0) is at least ei/10. By the Koebe 1/4 
Theorem, P(D m ) contains a round disk of radius ei/40 around 0, thus the hyperbolic distance 
from dP(D m ) to in D is at least ei/40. 
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so / r (0) (which is contained in J n +i) is t/2 close to in the hyperbolic metric of 

As a consequence, f r ~ 1 (Q PI I?) contains a f/2 hyperbolic neighborhood of in 
V°, and since V° D D c f,(A°), it must contain D T L4°i, where r depends on e% and 
0. □ 

6.4.3. Construction of a full R-family. Let tq be the constant of Lemma 16. 1 II and 
let |/ n |/|/ n _i| be such that Lemma f6 . 51 holds with p < tq/A. 

Let m be big and let us fix v = v rn such that Lemmas 16.111 and 16.91 are valid, 
and let 9 be the domain of Lemma T6. Ill 

Let w = wi + W2 with Wi € T^, \\wi\\ < t{. 

Let U[0] — V° and let the family {t/ J [0]} denote the connected components of 
(f\V°)- 1 (UV : >), letting G U°[0}. 

Let us consider a holomorphic motion H over D given by the transition maps 
H[0, A] = H x : C -> C such that: 

iT A |C\£/[0] = ft Aw 

/ Aw °# A |LT[0]\C/°[0] = h Xw of. 

Let [/[A] = # A (C/[0]), LP[A] = ff A (t/ J [0]). 

Let R[X] be the first return map from t/ J '[A] to J7o- It is clear that (R[\],H\) 
has a structure of a (non-full) i?-family over D. Let us consider the landing family 
(L[X],H\) associated to (R[X],H\). 

Let W^[0] be the domain of L[0] containing i?[0](0). Notice that L[A]|W^[A] 
extends to a diffeomorphism R-[X] onto U[X]. For t < tq, let A T [A] be the preimage 
of Dt-i^o^O) by this diffeomorphism. 

If w = v then R-[X] = R-[0] for all A, since v is supported on D- r (A 1 ). 

In particular, R±[X] = Ri[0] and A T [A] = A T [0] for all A. So A ^ R[X](0) is a 
map which restricts (in some domain 6 0") to a diffeomorphism onto A r [0]. It 
follows that taking r — tq/2, for any w close to v there exists a domain S W 
where A i— > i?[A](0) is a diffeomorphism onto A T [0] (of course, W depends on w). 

But for w e T close to v and for all A e D, U°[X] is contained in Opi^oj , so 
W-[A] is contained in A To / 2 [0] with space. By the argument principle, letting 
be the connected component of of the set of A G with i?[A](0) 6 W— [A], the 
map 5:0^ Wi[0] such that 5(A) = H^{R[X](0)) is a homeomorphism. Wc also 
have that the diameter of is very small if p is small (in particular if |/ n |/|-fn-i| 
is small). 

Let C/i[0] = U°[0] and let {U( [0]} be the connected components of the preimage 
by i?[0]|[/°[0] of UW^O], and let G U®. 

Let ft be a holomorphic motion over given by transition maps ft[0, A] = h\ : 
C — > C such that 

h\\C \ Ui = H\, 
R[\]oh x \Ui\Ul = hx°R[Q]. 
Let U\[\] = ft A (^i[0]) and U[ [A] = hx(U([0}). 

Our construction shows clearly that the first return map i?i[A] from UC/j'fA] to 
Ui[X] is an i?-map for A e 0, so (Ri[X],h\) is an R- family, and our choice of 
implies that R\ [A] is a full i?-family. 

Let us summarize the properties we obtained in this construction: 
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Lemma 6.12. If \In\/\In-x\ is small enough, there exists a real- symmetric vector 
field »6T and a neighborhood uSVcT such that for any ai£V real- symmetric, 
there exists a domain G 6 C D, a family of R-maps Ri[X] : U{ [A] — > f7i[A], A G 0, 
and a real- symmetric holomorphic motion h over such that: 
(1) For A e n K, t/i[A] flM = J n+1 ; 

i?i[A] is the first return map from L)U([X] to U\[X] under iteration by f\ w ; 

(3) (i?i[A], h) form a full real- symmetric R- family. 

And moreover, if w is as in Lemma 1 6'. 61 and X £ f~l K then: 

(4) J n +i[A] = /7i[A]nM is the component ofO of the first return map to J n under 
iteration by f\ w ; 

(5) [A] = U( [A]nIR are the domains of the first return map to i n +i[A] under 
iteration of the real analytic extension f\ w 

The construction of the i?-family gives us also a good control of its geometry. 

Lemma 6.13. In the setting of Lemma finE Di\(h\C\Uf ) < l + e, and mod(C/i [0] \ 
[/°[0]) > C, where e -> and C -> oo when |/„|/|/„_i| -> 0. 

Proof. Indeed, Dil(/i|C \ [/{*) < 1 + e is bounded by the hyperbolic diameter of in 
D, which is small if |/„|/| J„_i| -> is big. On the other hand, mod(C/ 1 [0] \C^[0]) > 
mod(Z7[0]\LT°[0])/2 > mod(/(y°) \ V T )/4 > fc/4, which is big if J n \ 7 n _i is small 
by Lemma IHTT1 □ 



6.5. Remarks on the infinitesimal transversality of the special perturba- 
tion. We would like to point out that the "macroscopic transversality" of v m is 
very much related to its infinitesimal transversality. The (formalizable) argument 
relating both properties is as follows (notice that this argument is different from 
the one given in |ALM| . which emphasizes estimates at the infinitesimal level): 

(1) v m can be C 1 extended to I as an odd vector field which vanishes on [r, 1], 
[— 1, — r] and [—/,/]. This vector field is not C 2 but its C 1 norm is small (ei). 

(2) (Macroscopic transversality implies a C 1 connecting lemma) Notice that 
the interval (fL v (0), /£ (0)) contains the interval I n +i (with lots of space). We 
conclude that the family f\ Vm , X e (—1, 1) must go through a parameter A where 
f\ v (0) = 0, and so changes the combinatorics of /. 

(3) Using the Key Estimate of |ALM , we see that, if v m is not formally transverse 
at /, then it is actually tangent to the topological class of / in the following sense. 
There exists a (real-symmetric) holomorphic motion h over D whose transition maps 
h{0, X] = h\ : C — > C are such that f\ = h\ofo h^ 1 is a family of so called "puzzle 
maps" (which behave as unimodal maps) such that 



d f 
~d~X 



A=0 



d f 



= Df ■ v n 

A=0 



(the maps h\ are characterized by dh\/dh\ = Xda for a specially chosen quasicon- 
formal vector field a satisfying v m = f*a — a on the critical orbit). This family 
can be considered the Beltrami path through / in the direction of Df ■ v m . 

(4) The family f\ is tangent to f\ Vm at A = and both families have big 
extensions (to D). In particular, they must be close together in a slightly smaller 
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disk, where we can detect the change of combinatorics: there is a parameter A £ D 
such that /X(0) = 10 . 

(5) In particular, the family fx must change combinatorics, but this is a con- 
tradiction, since it consists of maps topologically conjugate to /. So we conclude 
that v m is formally transverse at /. Notice that our argument is that a "reasonably 
efficient" 11 tangent path to v m closes macroscopically the critical orbit. 

(6) (Infinitesimal analytic connecting lemma) Although v m is only C 1 in the 
interval, we can approximate it in the topology of T by polynomials w which will be 
still formally transverse to /. Those vector fields w are transversal to the topological 
class of /: they close "infinitcsimally" the critical orbit. 

7. The Phase-Parameter relation 

7.1. Phase-Parameter relation for the special family. Let / £ T and let 

Ri : L)lf — > Ii be the first return map. For d € fl, d = (Ji, ...,j m ), let if — {x £ 
h\ R-'Hx) £ 7f + \l < k < m}, and let Rj = R™\lf. Let cf = (Rf)-\l°). The 
map Li : UCf — > I® is the first landing map from J, to 

Definition 7.1. Let us say that a family fx of unimodal maps satisfies the Topo- 
logical Phase-Parameter relation at a parameter Ao if / = /a £ T , and there exists 
io > and a sequence of nested intervals J;, i > io such that: 

(1) Ji is the maximal interval containing Ao such that for all A £ Ji there exists 
a homcomorphism Hi [A] : I — ► / such that fx ° Hi [A] | (/ \ I i+ i ) = Hi [A] o /. 

(2) There exists a homeomorphism : Ii — > Ji such that Si(C~) (respectively, 
Ei(lf)) is the set of A such that the first return of to i2j[A](ij) under 
iteration by fx belongs to Hi[X](C-) (respectively, Hi[X](I-)). 

Definition 7.2. Let fx be a family of unimodal maps. We say that fx has Decay 
of Parameter Geometry at Ao if / = /a £ J", it satisfies the Topological Phase- 
Parameter relation at Ao and \ J nk +i\/\Jn k I < C\ k for some constants C > 0, A < 1, 
where — \ counts the non-central levels of the principal nest of /. 

Theorem 7.1. Let f £ T be analytic. There exists a polynomial vector field w such 
that the family fx w = f ° (id+Xw), X £ (— e, e) is an analytic family of unimodal 
maps which satisfies the Topological Phase-Parameter relation and has Decay of 
Parameter Geometry at 0. 

Proof. Let w and n be as in Lemma T6. 121 Denote by (TZi, hi) the i?-family of that 
lemma. Since / £ the critical point is recurrent and we can clearly construct a 
i?-chain (TZi, hi) over A = 0. It is clear that the real trace of Ri[0] : UUf[0] — » Ui[0] 
is the first return map to I n +i- Let J n +i = n R, let S n+ i = Xi[0]|^n+i- It 
is clear that J nk +i \/\ Jn k decays exponentially by Lemma f6 . 1 31 and Theorem 14.61 
where — 1 counts the non-central levels of the principal nest of /. In particular, 



More precisely, we use that the holomorphic map A t— > /£(0) has the same derivative at as 
the almost linear map A t— > /J (0), and a simple estimate shows that there exists a parameter 
A e D such that f* v (0) = 0. 

^In the sense of admitting a controlled extension to a big domain, as the Beltrami path we 
constructed. 
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In order to conclude the result, we just have to show the existence of the continu- 
ous family of homeomorphisms if, [A], for i sufficiently big. Notice that if A 6 J n +i, 
if p £ I n +i [A] is a periodic orbit for fx which never enters i„ + , [A] then p is hyper- 
bolic by the Schwarz Lemma. So, if A £ J n +i, the only non- hyperbolic periodic 
orbits for fx must be entirely contained in I \ i n +i- But since f\I \ i n +i is hyper- 
bolic, there exists e > such that if A £ (— e, e), all periodic orbits in i \ J n+ i[A] of 
fx are hyperbolic (by Lemma l5.1(l . In particular, if i is sufficiently big, Ji C (— e, e), 
and all periodic orbits of fx in I \ h+i [A] are hyperbolic. The result follows by 
Lemma 15.31 □ 

Let Ki be the closure of the union of all dcf and dlf. Notice that Hi and Hj 
are only uniquely defined in if,. Condition (2) of the Topological Phase-Parameter 
relation can be equivalently formulated as the existence of a homeomorphism Ej : 
h —> Ji such that the first return of the critical point (under iteration by fx) to 
Hi[X](Ii) belongs to Hi [A] (if i) if and only if A £ E i (K l ). 

Let us now estimate the metric properties of ifj|ifi and S,|ifi. In order to do 
so, we will need to consider convenient restrictions of those maps. 

Let I l+2 = {Rill?)- 1 (if), where d is such that [R^I?)- 1 [Cf) = I i+2 . 

Let Ti be such that Ri(0) £ Ip . 

Let Ki = {Ujdlf Udh)\ intJ i+1 . 
Let J( = 3,(1/). 

Definition 7.3. Let fx be a family of unimodal maps. We say that fx satisfies 
the Phase-Parameter relation at Ao if / = /a is simple, fx satisfies the Topological 
Phase-Parameter relation at Ao and for every 7 > 1, there exists io > such that 
for i > io we have: 

PhPal: EiKKiDlp) is 7 -qs, 

PhPa2: Zi\K, t is 7-qs, 

PhPhl: ifi[A]|ifi is 7-qs if A £ Jp, 

PhPh2: the map Hi[\]\Ki is 7 -qs if A £ J,. 

Theorem 7.2. In the same setting of the previous theorem, if f is simple, the 
family fx w satisfies the Phase-Parameter relation at 0. 

Proof. Let (IZi, hi) be the i?-chain of the proof of Theorem 17. II By Theorems 14.21 
and 14.61 mod(£/i[0] \ i/°[0]) — * 00 and mod(Aj \ Aj + i) — > 00 (notice that since / is 
simple, all deep enough levels IZi are non-central). This implies that, for any fixed 
7 > 1, there exists io > such that for i > io the hypothesis of Lemmas 13.11 and 13.21 
are fulfilled and hence their conclusions (CPhPal, CPhPhl, CPhPa2, and CPhPh2) 
apply. Those immediately imply the four conditions (PhPal, PhPhl, PhPa2, and 
PhPh2) of the Phase-Parameter relation by restriction to the real line. □ 

7.2. Phase-parameter relation for transverse families. Let fx w be the special 
family constructed before. 

Lemma 7.3. The family f\ w is transverse to the topological class of f at A = 0. 

Proof. Indeed, if f\ w is not transverse then by Theorem 15.131 there exists a qc 
vector field a : C — » C such that 



wDf = A /A , 



— a o f — aDf 

w=0 
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= f*a — a on orb/(0). But this contradicts 

□ 



We will now show how to use the lamination of |ALM| to transfer the Phase- 
Parameter relation from the transversal family f\ w to any transversal family fx- 
The basic idea is contained in the following diagram: 

r P Theorem 15^,21 t-., r r 

Phase of j\ w — > Phase of fx 

qs conjugacy 

Phase-Parameter for fxwl J, Phase-Parameter for f\ 

-w~* r r Thcorcm l5.11l ^ r r 

Parameter of j\ w — > Parameter of fx 

holonomy map of C 

(notice that the estimates for all arrows are all ultimately based on the A-Lemma) . 

Theorem 7.4. Let f £ T , and let fx be a one-parameter analytic family of uni- 
modal maps through f such that f\ = f and f\ is transverse to the topological 
class of f at X = A . Then the Topological Phase-Parameter relation and Decay of 
Parameter Geometry holds for the family fx at X . Moreover, if f is simple, then 
the Phase-Parameter relation also holds. 

Proof. Using Theorems 17.11 17.21 and Lemma 17.31 consider the family f\ w through 
/, which is transverse to the hybrid class of / and which satisfies the Topologi- 
cal Phase-Parameter relation and Decay of Parameter Geometry (and the Phase- 
Parameter relation if / is simple). Fix a such that both f\ w and f\ are analytic 
paths in U a . Let C be the lamination from Theorem 15. 101 Since both fx and f\ w 
are transverse to the topological class of / (at Ao and 0), we can consider the local 
holonomy map of the lamination C, ip : (— e, e) — * (Ao — e', Ao + e'). 

Let 2^ : — > Ji be the phase-parameter map for the family fx w , and let Hi [A] be 
the phase-phase map. We obtain the phase-parameter map for fx as a composition 
Ei = ip o 3j. Since \ Ji\ -> 0, 

lim sup \\fxw - U(\)\\a = 0. 

In particular, by Theorem 15. Ill ip\Ji is 7i-qs with lim^i = 1. 

Since for each A G Ji — ip(Ji), fx is qs conjugate to fy-itX) W , we see that if 
A G Ji then there are no non-hyperbolic periodic orbits for fx in the complement 
of the continuation of 2,;+i. Using Lemma f5. II we conclude as in Theorem 17. II the 
existence of a continuous family Hi[X] of phase-phase maps for the family fx- It 
follows that the Topological Phase-Parameter relation holds for fx at Ao- 

Since tp is quasisymmctric, it is Holder and the Decay of Parameter Geometry 
also follows from Theorem 17. II If / is simple, estimates PhPal and PhPa2 follow 
from Theorem l7.2l 

Let hx : / — > I be a quasisymmetric conjugacy between f\ w and f^(x) which is 
1 + 0(\\fxw — fip(\) IU)-qs. This family might not be continuous, but Hi[xjj{X)]\Ki — 
hx o Hi[X], which is enough for our purposes. In particular, if / is simple, PhPhl 
and PhPh2 follow from Theorem O □ 

Remark 7.1. Notice that even if we are only interested in the phase-parameter 
relation for individual families, this proof needs the knowledge of the behavior 
of topological conjugacy classes of unimodal maps in infinite dimensional spaces. 
For the case of the quadratic family, this is not needed: the argument of £ L$ 
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is based on the combinatorial theory of the Mandelbrot set (Douady-Hubbard, 
Yoccoz), which allows to show directly that the real quadratic family gives rise 
to full unfolded complex return type families. In particular, our proof also gives 
a somewhat different approach to the phase-parameter relation on the quadratic 
family itself. 

8. Proof of Theorem A 

Let fx be a one-parameter non-trivial analytic family of unimodal maps. In view 
of Theorem 17.41 to conclude Theorem A it is enough to show that 

(1) Almost every non-regular parameter belongs to T, that is, it is Kupka- 
Smale, has a recurrent critical point and is not infinitely renormalizable, 

(2) Almost every parameter in T is simple, 

(3) f\ is transverse to the topological class of almost every parameter. 

We will take care of these issues separately below: item (1) will follow from 
Lemmas 18. II 18.41 and 18. 51 item (2) from Lemma l8~ol and item (3) from Lemma 

8.1. Transversality. 

Lemma 8.1. Let fx be a non-trivial analytic family of unimodal maps. Then 
at most countably many parameters are not Kupka-Smale or have a periodic or 
preperiodic critical point. 

Proof. Indeed, the set of parameters which are not Kupka-Smale correspond to 
solutions of countably many analytic equations of the type /"(p) = p, Dfl n (p) = 1, 
n > 0. Similarly, the set of parameters with periodic or preperiodic critical point 
corresponds to countably many equations of the type /™(0) = /"(0), < m < n. 
So the set of parameters which are not Kupka-Smale is either countable or contains 
intervals. Since regular parameters are dense, the first possibility holds. □ 

The following result is due to Douady, see Lemma 9.1 of [ALM : 

Lemma 8.2. Let C be a codimension-one complex lamination on an open set V of 
some Banach space, and let 7 be an analytic path inV. If 7 is not contained in a 
leaf of C, then the set of parameters where 7 is not transverse to the leaves of C 
consists of isolated points. 

This result immediately implies: 

Lemma 8.3. Let fx be a non-trivial analytic family of unimodal maps. Then the 
set of non-regular Kupka-Smale parameters Xq such that fx is not transverse to the 
topological class of f\ at Xq is countable. 

8.2. Non-recurrent parameters. The following result is due to Duncan Sands 
[S] , but we will provide a quick proof based on holomorphic motions and Lemma 
IO 

Lemma 8.4. Let fx be a non-trivial analytic family of unimodal maps. Then 
almost every parameter is regular or has a recurrent critical point. 

Proof. If this is not the case, there would exist e > and a set X of parameters A 
of positive measure such that for A 6 A, 

(1) inf m >i I /HO) I > e (by hypothesis), 

(2) fx is non-regular, Kupka-Smale and the critical orbit is infinite (Lemma 18. 1[1 . 
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Let us fix a density point Ao £ X of X . Using Lemma l5.2l consider a nice interval 
T = T[Ao] = [— p,p] C (— e, e) for /a , with p preperiodic. Let T[X], A — Ao G (—6,6), 
S > small denote the continuation of T. Let K[X], A — A G (—6,6) denote the 
set of points in I \ T[X] which never enter T[X] and do not belong to the basin of 
hyperbolic attractors. 

Since K — K\Xq[ is an expanding set by Lemma 15.11 it persists in a complex 
neighborhood of Ao: there exists a family of homeomorphisms h\ : K — > C, A G 
D(S'(Ao), 6' < 6 depending continuously on A, such that h\ = id and f\o h\ = 
h\ o fx a . It is easy to see (using Lemma f5. If) that for A £ 1, h\(K) = K[X]. For 
each preperiodic orbit p of / in K, it is clear that A i— ► h\(p) is holomorphic in 
ID><5'(Ao). Since preperiodic orbits are dense in K, it follows that /i[Ao,A] = h\ are 
actually transition maps of a holomorphic motion h over 0$i(Xq). 

Since f\ is non-trivial, /a(0) does not belong to K[X] for a dense set of A G (—6, 6), 
so by Lemma f8. 21 the path A i— > (A, /a(0)) is transverse to the leaves of h outside 
of countably many parameters A. So there exist parameters A G X arbitrarily close 
to Ao which are density points of X and transversality points of the above path. In 
order to avoid cumbersome notation, let us assume that Ao is itself a transversality 
point. 

It follows that there exists a real-symmetric quasiconformal map x (phase- 
parameter holonomy map 12 ) taking a neighborhood V of f\ (0) to a neighborhood 
of Ao, and taking points in K n V to parameters A G x(^0 with /a(0) G K[X\. In 
particular, x( K H V) D X n x(F). 

Since K is an expanding set, it follows that there exists p > such that in every 
r neighborhood of /a (0) there exists an interval of size at least pr disjoint from 
K. Since x|UnR is quasisymmetric, this property is preserved: there exists p' > 
such that in every r neighborhood of Ao there exists an interval of size at least p'r 
not intersecting X. This contradicts the hypothesis that Ao is a density point of 
X 13 . □ 

8.3. Infinitely renormalizable maps. 

Lemma 8.5. Let f\ be a non-trivial analytic family of unimodal maps. Then the 
set of infinitely renormalizable parameters has Lebesgue measure zero. 

Proof. Let X be the set of parameters A such that f\ is infinitely renormalizable, 
and let Ao G X be a density point of X. By Lemma l5~5l there exists a nice interval 
T[X], |A — Aq| < 6, which is periodic (of period, say, m) such that / m |T[A] has 
negative Schwarzian derivative. In particular, if A\ : T[X] — * I is affine, g\ — 
A\ o /™ o , | A — Ao | < 6' is an analytic family of quasiquadratic maps, which 
is non-trivial (because fx is). By Theorem B of |ALM| . for almost every A, g\ is 



More precisely, \ i s obtained by applying first the local holonomy map between the two 
transverse holomorphic curves {Ao} X V (V a small neighborhood of f\ {0)) and {(A, /a(0))|A £ 
Bj/ (Ao)} followed by the projection in the first coordinate. 

13 It is easy to see that this argument gives much more information on the size of X. One 
can see for instance that the Hausdorff dimension of X in Ao (defined as the infimum of the 
Hausdorff dimension of X n D e (Ao)) is no greater than the Hausdorff dimension of K in /a„ (0), 
which is known to be less than 1. Notice that X is essentially the set of non-regular non-recurrent 
parameters avoiding a definite neighborhood of 0. We should remark that these ideas show also 
that the Hausdorff dimension of the set of non-regular non-recurrent parameters is usually 1 except 
for some trivial situations. 
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not infinitely renormalizable. It is clear that if A G X and |A — Ao| < S' then g\ is 
infinitely renormalizable, so Ao is not a density point of X, contradiction. □ 

8.4. Simple maps. The following argument is adapted from the corresponding 
result of Lyubich for the quadratic family |L3| . 

Lemma 8.6. Let f\ be a non-trivial analytic family of unimodal maps. Then 
almost every parameter A with f\ € J- is simple. 

Proof. If this is not the case, we could find C > 0, p < 1, m > and a set X of 
parameters of positive measure such that if Ao 6 X then 

(1) f\ G T and is not simple (by hypothesis), 

(2) f\ is transverse at Ao (by Theorem 18.3(1 . 

(3) The sequence of parameter windows J„[Ao] associated to Ao arc defined for 
n > m (by Theorem 17. 4|) . 

(4) If n k x — 1 denotes the sequence of non-central levels of the principal nest 
of /a then for n k ,\ > m, | Jn kiXg +i [Ao] |/| Jn fc . Af) [A ] | < Cp k (by Theorem 
El- 
Consider now the set X k , k > m of parameters Ao G X such that the return of 

level n kt \ is central. Let A k be the union of J nk A [Ao], Ao G X k and life be the 
union of J nfciXo+ i[A ], A G X k . 

Then each connected component J Ilfc Aq [Ao] of A k contains a single connected 
component J nfcAf) +i[Ao] of LT fc , and thus |n fc |/|A fe | < Cp k , so that \X k \ < \U k \ < 
Cp k \A k \ < Cp k \A m \. On the other hand, X C n feo > m U fc > fco X k and thus, \X\ < 
inf feo > m X)fc>fc G P k \^m\ = 0, contradiction. □ 

The proof of Theorem A is concluded. 



9. Proof of Theorem B 

We will give now a proof of Theorem B using a parameter exclusion argument. 
In the first version of this work (in |Av1| l a different proof was given relying on 
the refined statistical analysis of [AMI) , but we will give a much simpler argument 
based on a modified version of the quasisymmetric capacities of AMI , which allows 
us to get rid of distortion estimates and at the same time to work with a fixed 
quasisymmetric constant. 

9.1. Measure estimate. Define the modified 7-qs capacity of a set X in an inter- 
val / as 

\h lQ h 2 (xni)\ 

p 7 (X\I) = sup — 

\hi o h 2 {I)\ 

where hi : R — > R is 7-qs and h 2 : / — > M is a diffcomorphism (onto its image) with 
non-negative Schwarzian derivative. 

Notice that if F : T\ — > T 2 is a diffeomorphism with non-positive Schwarzian 
derivative and X C T\ then 

Vl {X\T 1 )<p 1 {F{X)\T 2 ). 

This is the main advantage of modified quasisymmetric capacities over the tradi- 
tional ones of |AM1| . 
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By the Koebe Principle, if h : I — > / is a diffeomorphism and has non-positive 
Schwarzian derivative then h([— e, e]) = 0(e). By Holder continuity of 7-qs maps, 
we get 

p 7 ([-e, e ]|[-l,l]) = 0(e«) 

for some < K < 1 depending on 7. 

For a map f E J 7 with principal nest {/ n }, let s be as in Lemma l5.fil and let 

a n =p 7 (s(uP n )\s(I n )). 

Let us consider the components of (i? n _i|/°_ 1 ) _1 (U/^_ 1 ). We reserve the 
index for the component containing 0, and the indexes —1 and 1 for the compo- 
nents of (i?„_i|/^_ 1 ) _1 (/^_ 1 ). If \k\ > 1 then i? n _i|T^ is a diffeomorphism onto 
some I^-ii 3 7^ and Rn_i\T* is a diffeomorphism onto I n -\- Let 

e« =p 7 (s(U| fc | >1 T n fc )| S (/ n )). 

Lemma 9.1. 7/n is sufficiently large, (1 — > (1 — £n+i)(l — c*„). 

Proof. If |fc| > 1 then s(T^ +1 ) is taken to s(I n ) by so o s" 1 which has negative 
Schwarzian derivative for n big. In particular 

P 7 ( S (U7^ +1 )| S (T^ +1 )) <p^s(uC%)\s(I n )) < a n . 

Thus p 7 (s(UJ^ +1 )|7 n+ i) < e„+i + (1 - e n+ i)a n . □ 

Lemma 9.2. /// is simple then the e„ decay exponentially fast. 

Proof. If / is simple then |s(/ n -|-i)|/|s(/ n )| decays exponentially fast by Lemma l^TI 
In particular, by the Koebe Principle, for each j, each of the connected components 
of s(/„+i \ I 3 n+ i) is exponentially (in n) bigger than s{P n+1 ). This implies that, for 
each k, each component of s(I n+2 \ T% +2 ) is exponentially bigger than s(T^ +2 ) 
(using the Koebe Principle), so p 1 {s{T^ +2 )\s{I n +2)) decays exponentially and so 
does e„. □ 

Lemma 9.3. If f £ T does not admit a quasiquadratic renormalization then Ul^ 
is not dense in I n , for n sufficiently big. 

Proof. Up to considering a renormalization or unimodal restriction, we may assume 
that / is non-renormalizable and does not admit unimodal restriction. It is easy to 
see that if x £ I never enters I± then the iterates of x accumulate on an orientation 
preserving fixed point of /, and since / does not admit a unimodal restriction, we 
conclude that x G dl. 

Since / is not conjugate to a quadratic map, there exists an interval T whose 
orbit does not accumulate on the critical point (Lemma 15.91) . Let n be biggest 
with the orbit of T intersecting /„ (T intersects I\ by the previous discussion). Of 
course, the set of points which land on does not intersect the orbit of T, and 
so is not dense in /„. 

It is easy to see that if the set of points in I m which eventually land in I m +i is 
not dense in I n then \Jl 3 m+1 is not dense on I m +i- In particular, by induction, UJ^ 
is not dense in /,„ for m > n + 1 . □ 

Lemma 9.4. /// does not admit a quasiquadratic renormalization then for n large 
enough, a n < 1. 
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Proof. Let n be large enough such that there exists an open interval E C I n disjoint 
from Ui-£, and s o R n o s _1 has negative Schwarzian derivative. We may assume 
that E C T, where T C int/ n is a symmetric interval containing 7°. By the 
Koebe Principle, there exists C > such that if h 2 : s(I n ) — + R has non-positive 
Schwarzian derivative then \fi2(s(E))\ > C|/i2(s(T))|. In particular, there exists 
e > such that if /ii : K — > R is 7-qs, then, with h = h\o /i 2 , we have \h(s(E))\ > 
e\h(s(T))\>e\h(s(I°))\. 

For d E ft, let = (Rn)^ 1 (E). Since (ife) -1 has non-positive Schwarzian 
derivative, we see that for any h as above, |/i(s(£#))| > e \h(a(C%))\. Notice that 
all the intervals E-, d& SI are disjoint, and UE- does not intersect Lid so 

p^s(UC%)\s(I n )) < — |— . 

By a previous argument of the proof of Lemma 19. II 

p 7 (s(U/£ +1 )KT* +1 )) < p T ( S (UC|)| S (7„)) < 1 

for |fc| > 1. 

Thus, Pl (s(Uli +1 )\s(I n+1 )) < e„+i + (1 - e„ +1 )p 7 (s(UC£)|s(7„)) < 1. □ 

Lemma 9.5. Let f\ be a one-parameter non-trivial analytic family of unimodal 
maps satisfying the Phase- Parameter relation at a parameter Xq (in particular, 
f = f\ is simple). Assume that f does not admit quasiquadratic renormalization. 
Then Xq is not a density point of non-hyperbolic parameters . 

Proof. Let J„ and 5 n be as in the Topological Phase-Parameter relation. Since 
|J n | — > 0, and Ao € S„(7£ n ) C J„, it is enough to show that then there exists a < 1 
such that 

r |5»(ucgn/ T !")| 

hm sup frT-M < or < 1 . 

Indeed, if A ^ S„(UC^) then the critical point is non- recurrent. By Lemma HOI for 
almost every non-recurrent parameter, f\ is hyperbolic. 

Fix 1 < 7 < 7 By PhPal, E n \K n n IJ" is 7-qs for n big enough. On the other 
hand, for n big enough, s \s(I^ n ) is C 1 close to being linear (because s is analytic, 
and in particular C , and s(J^") is small). So 3„ o s -1 |s(2if n PI 7£") is 7-qs for n big 
enough. In particular 

1- , T r n u < 1- ~ _i , T r nM < Pl(s{UCn)\s{I n ) < a n- 

\^n{In )\ Pn S l S{T n n )\ 

By Lemmas 19.11 19.21 and 19.31 a — lim sup a n < 1 . □ 

Theorem A and Lemma 19.51 imply Theorem B for one-parameter families. 
9.1.1. Many parameters. The argument of Lemma 18 . II implies the following: 

Lemma 9.6. Let {fx}\eA be a k-parameter non-trivial analytic family of unimodal 
maps. The set of parameters which are not Kupka-Smale or have a periodic or 
preperiodic critical point is contained in a countable union of analytic submanifolds 
of A, of codimension at least 1, and so has Lebesgue measure zero. 



14 One can actually use those techniques to show that Aq is a density point of hyperbolic 



parameters, see Remark IB . 31 for the complex counterpart. 
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Let us now show how the one-dimensional version of Theorem B implies the 
general case. Let {/a}a£A be a fc-parameter analytic family of unimodal maps. By 
Lemma 19.61 we just have to show that for any Kupka-Smale parameter Ao S hit A, 
there exists a small e > 0, such that, letting B f C A be the ball around Ao of 
radius e, almost every parameter in B t is either regular or admits a quasiquadratic 
renormalization. 

Using Theorem 15.101 if e is sufficiently small, A i— > f\ is an analytic map from 
B e to some open set V where the hybrid lamination C is defined. Let Ai 6 B f 
be a regular parameter. If L is a line in R fc through Ai, then by Lemma 18.21 
L n B e is not contained in the topological class of a non-regular parameter, and so 
regular parameters are dense in LnB e . By the one-dimensional Theorem B, we see 
that almost every non-regular parameter in L n B e is quasiquadratic. By Fubini's 
Theorem, almost every non-regular parameter in B e is quasiquadratic. 

This completes the proof of Theorem B. 

10. Proof of corollaries 

10.1. Some conditions related to good ergodic properties. Let us first recall 
the conditions on the critical orbit stated in the introduction. Let / G U 2 . We say 
that / is Collet- Eckmann if the lower Lyapunov exponent of the critical value is 
bigger than zero: 

(10.1) hminf^ffiffi>0. 

n 

We say that / has subexponential recurrence if 

(10.2) limsup- lD|/ " (0)l =0. 

n 

We say that / has polynomial recurrence if 

-ln|/™(0)| 

(10.3) 7 = limsup t~t~\ < °°i 

m(n) 

and in this case, we call 7 the exponent of the recurrence. 

We introduce the following additional condition: / is called Weakly Regular if 

(10.4) hmUminf- V In |D/(/ fc (0))| = 0. 

S— >0 n— >oo n — ' 

l<fe<n 

/ fc (0)e(-<5,«) 

Notice that polynomial recurrence is much stronger than subexponential recur- 
rence. 

Remark 10.1. Maps satisfying the Collet-Eckmann and the subexponential recur- 
rence conditions have been intensively studied after the works of Benedicks and 
Carleson. Those two conditions give a very precise control of the critical orbit. 
They are not sufficient to show that / has good statistical properties however: one 
must also ask that / has a renormalization with all periodic orbits repelling (which 
is then conjugate to a quadratic polynomial). Under this additional assumption, 
it is possible to show that / has an absolutely continuous invariant measure (see 

E3). 

In order to study further the properties of [A, it is convenient to consider the 
smallest periodic nice interval T of / (/ is not infinitely renormalizable, since it has 
an absolutely continuous invariant measure). The first return map f m : T — > T can 
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be then rescaled to a unimodal map /, which also possess an absolutely continuous 
invariant measure fi. 

Assuming that / is also Kupka-Smale and using Lemma 15.11 we see that the 
dynamics of / splits in a hyperbolic part, that describes points x G I which never 
enter int T, and an interesting part described by /. 

The measurable dynamics of / are described by ft: for almost every x € I and 
any continuous function cf> : I — > R we have 

~-£<f>(f k (x)) = Udji. 
n * — ' / 

k=o J 

Since / is non-renormalizable, it follows that jj, is supported on [/ 2 (0), /(0)], and 
(/, /t) is exponentially mixing 15 (see |Y|V 

The condition of Weak Regularity is important to show that (/,/t) is stochas- 
tically stable 16 (see |T2| ) . If we assume a little bit more smoothness, / El) 3 , the 
Weak Regularity condition is not necessary, and it is possible to show that (/,/t) 
is stochastically stable in a stronger sense 17 (see |B V| ) . 

10.2. Analytic families. We will actually prove the following result, which is a 
more precise form of Corollaries C and E: 

Theorem 10.1. Let f\, be a non-trivial analytic family of unimodal maps. Then 
almost every non-regular parameter is Kupka-Smale and has a quasiquadratic renor- 
malization which satisfies the Collet- Eckmann condition and is polynomially recur- 
rent with exponent 1. 

Proof. We will prove the stated result for one-parameter families, the general case 
reducing to this one by the argument of H9.1.1I 

By Theorems A and B of |AM1| . the conclusion of the theorem holds for the 
quadratic family. However, the only properties of the quadratic family that are 
actually used in the proof is that it is an analytic family of quasiquadratic maps 
with negative Schwarzian derivative for which the Phase-Parameter relation holds 
at almost every parameter, see Remark 3.3 of that paper. Due to the work of 
Kozlovski, the hypothesis of negative Schwarzian derivative can also be removed 
(this can be checked directly using Lemma Using our Theorem A, we get the 
result for analytic families of quasiquadratic maps. 

Let us now consider the general case. By Theorem A, almost every non-regular 
parameter is simple, and by Theorem B, almost every non-regular parameter has a 
quasiquadratic renormalization. Let us fix such a parameter Ao- 

Let T be the smallest periodic nice interval for f\ Q (of period m). For A near 
Ao, the interval T has a continuation T[X\. Consider the analytic family f\ — 
A[X] o /™ o A[A]"\ | A - A | < e, where A[X] : T[X] -»• / is affine. Then f\ is 
C°° close to /a , which is quasiquadratic, so we conclude that for e > small, f\, 
| A — Aq I < e is an analytic family of quasiquadratic maps. Since f\ is non-trivial, 
fx is also non-trivial. 

15 For a certain class of observables, for instance, of bounded variation. 

^For a certain class of i.i.d. absolutely continuous stochastic perturbations, the perturbed 
system possess a stationary measure which is close to /t in the weak topology. 

^Densities of stationary measures of perturbed systems are close to the density of [i in the L 1 
sense. 
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In particular, by the quasiquadratic case, for almost every A near Ao, fx is either 
regular or satisfy the Collet-Eckmann condition and its critical point is polynomially 
recurrent with exponent 1. In particular, the same holds for fx, which concludes 
the proof of the theorem. □ 

Remark 10.2. Notice that the proof of Theorem A in |AM2| could not use directly 
the proof of jAMlj (the argument needs modifications which are dealt in the Ap- 
pendix of |AM2| L since their main phase-parameter tool essentially amounts to 
comparing the phase-space of a non-trivial family with the parameter space of the 
quadratic family. This distorts the estimates and makes it impossible to obtain the 
exponent of the recurrence. 

10.3. Smooth families. Recall that if A G Mr is a bounded open connected do- 
main with smooth boundary, UF r (A) is the space of C r families of unimodal maps 
parametrized by A, and is a Baire space. 

Theorem 10.2. Let fx, A G A be a non-trivial family of unimodal maps. For 
every e > there exists a neighborhood V C UF 2 (A) of fx such that if gx G V 
then, outside a set of parameters A of measure at most e, gx is either regular or is 
Kupka-Smale and has a renormalization with all periodic orbits repelling satisfying 
the Collet-Eckmann, subexponential recurrence, and Weak Regularity conditions. 

Proof. Using Vitali's Covering Lemma, let {-Bi}, {Ci} be finite families of disjoint 
closed balls covering the parameter space up to a set of Lebesgue measure e/2 such 
that: 

(1) For X € B i} fx is regular; 

(2) For A £ there exists a nice interval Tj[A], which is periodic of period mi, 
depending continuously on A such that f™* : 2j[A] — > Tj[A] can be rescaled to a 
quasiquadratic map fi.x- 

It is easy to see that if gx is C 2 close to fx, then: 

(1) For every X € Bi, gx is regular; 

(2) For every A G Ci, there exists an interval T?[A], depending continuously on A, 
close to Tj 9 [A], such that g™* : T?[X] — * Tf[X] can be rescaled to a unimodal map 
gi.x, and the family x is C 2 close to fi.x- 

The family fi t x is non-trivial, so by Theorem B of jALMj . the set of parameters 
in Ci such that <^a is either regular or has all periodic orbits repelling and satisfies 
the Collet-Eckmann, subexponential recurrence, and Weak Regularity conditions, 
has Lebesgue measure at least \Ci\(l — e/4), provided gx is close enough to fx- The 
result follows. □ 

Remark 10.3. In particular, if fx is a non-trivial analytic family of unimodal maps, 
almost every parameter is Weakly Regular. 

Recall that by Remark 15.41 non-trivial analytic families are dense in UF r (A). 
Using Theorem 110.21 and an easy Baire argument we obtain the following precise 
version of Corollary D: 

Theorem 10.3. In a generic family fx in UF r (A), r = 2, ...,oo for almost every 
non-regular parameter Xq G A, / = f\ is Kupka-Smale and has a renormalization 
which has all periodic orbits repelling and satisfies the Collet-Eckmann, subexpo- 
nential recurrence, and Weak Regularity conditions. 



34 



ARTUR AVILA AND CARLOS GUSTAVO MOREIRA 



Appendix A. Hybrid classes 

In this section we will give a global characterization of the leaves of the lamination 
C of Theorem EHUl 

Notice that the leaves of C are claimed to coincide with topological classes only in 
the non-regular case: the partition in topological classes is not a lamination because 
regular topological classes are open sets. It turns out that the behavior of the regular 
leaves of C can be quite arbitrary. In order to give a global characterization of the 
leaves of C, we need to introduce once and for all an arbitrary, but fixed, way to 
refine the topological classes of regular maps. We shall call this refinement the 
hybrid lamination. 

If / is non-regular, the hybrid class of / is just the set of all non-regular maps g 
which are topologically conjugate to /. 

Let / be a regular map, and let A be the set of attracting periodic orbits of 
/ and let B — {x E I\f n (x) — > A} denote the basins of the attracting periodic 
orbits of /. Notice that if / is a regular map, there exists a minimal m > such 
that f m (0) belongs to a periodic connected component of B. It is possible to show 
that if / is quasiquadratic, then m = 0. It turns out that if m = (this case will 
be called essential), there is a natural way to refine the topological class of /: the 
hybrid class of / is the set of all regular maps g which are topologically conjugate 
to / and the multiplier of the periodic orbit that attracts is the same for both 
maps (this definition agrees with the one of ^lLM in the quasiquadratic case). 

In the non-essential case, there is no natural way to refine the topological class 
of /, so we fix an arbitrary way that works. 

Definition A.l. Let / be a Kupka-Smale map. We say that a homeomorphism 
h : I — » C is /-admissible if the following holds. Let T be a periodic component of 
B \ A which does not contain 0, and, writing T — (a, b) with \a\ < \b\, we have that 
the interval [—a, a] is nice. Then h takes d — (a + b)/2 to h(d) = (h(a) + h{b))/2 
and h\[d, f 9 (d)} is affine, where q is the period of T. 

Definition A. 2. Let / be a regular map of non-essential type. The hybrid class of 
/ is defined as the set of all regular maps g such that there exists an /-admissible 
topological conjugacy between / and g. 

The following proposition is elementary, and shows that the definition of hybrid 
class is minimally adequate: 

Proposition A.l. Let f be a regular map. Then its hybrid class intersects U a in 
a codimension-one analytic submanifold. 

Moreover, with this definition, it is possible to prove the full Theorem 15 . 1 Ul in 
the case of hyperbolic maps /. The case of infinitely renormalizable / can be dealt 
by reduction to the quasiquadratic case using renormalization (dealt in Theorem A 
of |ALM) L see Lemma 

A.l. Persistent puzzle. The remaining case of Theorem 15. 101 is trickier and one 
needs to go into the proof of |ALM) . We will discuss here only the main modification 
one needs to make in order to adapt the argument. This modification concerns the 
main tool used in the finitely renormalizable case, the concept of persistent puzzle, 
whose definition needs to be adapted. We follow basically the approach of |Avl| . 

Assume that / 6 J 7 . As in i)6.1l fix a level n of the principal nest and assume 
that |J n |/|-fn-i| is ver y small. Let us consider the first landing map to A° = 7 n , 
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the connected components of its domain are denoted A? . Let A 1 be the component 
of /(0), and let A 1 = [l,r], with I < r. Let be the complexification of the A> 
obtained as in Lemma lfTTl Let V be the union of all such that V J 1 flR C [—1, r}. 
We shall informally call V the puzzle. 

Let V C A a be a real-symmetric neighborhood of /. We will say that the puzzle 
persists in V if there exists a real-symmetric holomorphic motion h over V given by 
a family of transition maps h[f, g] = h g : C — > C, g E V such that: 

(1) fc fl |C\n o =id; 

(2) .g oh g \V\V° = h g o f, g o fc fl |0y° = /; 

(3) h g \I is /-admissible and g o l,r] \ V) — h g o f . 
The following plays the role of Lemma 5.6 of jALMj . 

Lemma A. 2. Let f £ J-C\lA a . // |/ n |/|/ n _i| is sufficiently small, then there exists 
a neighborhood of f where the puzzle persists. 

The proof is the same as of Lemma 5.6 of |ALM| . and we will not reproduce the 
whole argument here, but only comment the main steps: 

(1) One considers a holomorphic motion h! of [— 1, r] \ V which is /-admissible 
and equivariant: g o h' g = h! o / (this holomorphic motion exists because the 
dynamics of /|[— 1, r] \ V is hyperbolic) over a small neighborhood of /. 

(2) Using the Canonical Extension Lemma, we extend h' to a holomorphic mo- 
tion defined also on df(Vo). Considering a slightly smaller neighborhood V" of / 
we may extend h' to C \ f2 as id. 

(3) One considers a holomorphic motion h° of V such that g o h^\dV° = h! g o / 
over a neighborhood V° of /. 

(4) One notices that for each V 1 , i ^ 0, we can define (uniquely) a holomorphic 
motion h l on V % as a lift of h°\V° over a small neighborhood V 1 of /. 

(5) The (countably many) holomorphic motions h', h l are defined apriori over 
different neighborhoods of /, but using again hyperbolicity of /|[— 1, r] \V, one sees 
that all those holomorphic motions are defined over a definite neighborhood of /. 

(6) An estimate of hyperbolic geometry shows that the several regions of def- 
inition of those different holomorphic motions cannot collide in a slightly smaller 
neighborhood of /, so they define a common holomorphic motion which can be 
completed using the Canonical Extension Lemma and satisfies automatically (1), 
(2), and (3). 

Remark A.l. The last condition of the definition of persistence defines uniquely h g 
in [— l,r] \ V. This set is empty in the quasiquadratic case (and so this condition 
does not appear in |ALM| ) . This (obvious) observation concerning the first step 
is the only formal difference in the proof, the remaining steps do not need to be 
modified. 

Remark A. 2. If / is a Kupka-Smale, finitely-renormalizable, non-hyperbolic map, 
with a non-recurrent critical point, a similar construction can be made. In this 
case, we take T C T' nice intervals with preperiodic boundary such that does not 
return to T' and |T|/|T'| is very small. We let A° = T, and put A 1 as a domain of 
the first landing map to ^4° which is contained in [/(0), /(0) + e], e very small. 

Remark A. 3. If g\,gi S VC\U a are regular maps in the same hybrid class then they 
are of non-essential type if and only if for all m sufficiently big, 

V 1 1 (3r(0)),V 2 1 (^(0))^hl,r-]\F 
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(use the Schwarz Lemma). The definition of hybrid class implies 

This is important for the application of the several pullback arguments of |ALM . 

One obtains Theorem 15.101 in the finitely renormalizable, non-regular case by 
repetition of the proof of Theorem A of |ALM| . taking into consideration the above 
remarks. 

Appendix B. Non-renormalizable parameters in the Mandelbrot set 

Let p c = z 2 + c and let A4 (the Mandelbrot set) be the set of parameters c € C 
such that the orbit of does not escape to infinity under iteration by p c . The aim 
of this appendix is to show how the idea of the proof of Theorem B can be coupled 
with Lyubich's result of |L3j to obtain the following theorem: 

Theorem B.l. Let J\flZ be the set of non-renormalizable quadratic parameters 
with recurrent critical point and no indifferent periodic orbits in the boundary of 
the Mandelbrot set. Then AflZ has Lebesgue measure 0. 

Theorem IB . 1 1 implies easily Shishikura's Theorem F stated in the introduction. 

Remark B.l. The reduction of Theorem F to Theorem IB .11 is obtained using the 
following three steps: 

(1) It is easy to pass from the non-renormalizable case to the finitely renormal- 
izable case using renormalization techniques: the (countably many) little copies 
of the Mandelbrot set are related by renormalization to the original Mandelbrot 
set by a quasiconformal (and thus absolutely continuous) transformation, see |L4 | . 
Alternatively, we can also repeat the proofs for the little Mandelbrot copies. 

(2) Quadratic polynomials with a neutral fixed point are contained in the bound- 
ary of the main cardioid of the Mandelbrot set, which is a real analytic curve (with 
one singularity) and thus has Lebesgue measure zero. 

(3) The case of non-recurrent non-renormalizable polynomial without neutral 
fixed points can be treated easily using holomorphic motions, see our proof of 
Lemma 18.41 (it is enough to use that under those conditions the set of points that 
never enter a small neighborhood of is a hyperbolic set and thus persistent 18 ). 

To prove Theorem IB .11 we will make use of the Phase-Parameter estimates de- 
scribed in Lemma 13.11 and Lyubich's parapuzzle estimate (Theorem 14. 311 . Then, 
we will redo the estimates of Theorem B in the complex setting to show that non- 
renormalizable parameters have Lebesgue measure zero, because the critical point 
has a tendency to fall in the basin of infinity (in the same way that in the real setting 
the critical point has a tendency to fall in the basin of non-essential attractors). 

Remark B.2. Lyubich has another proof of Theorem lB.il also based on |L3| and 
estimates on the area of the set of points that return to deep puzzle pieces. Graczyk 
and Swiatek have also obtained a different proof of Shishikura's Theorem. 



This actually holds for any non-renormalizable quadratic polynomial without neutral fixed 
points. 
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B.l. Parapuzzle notation. Let us fix Co G AflZ. By Theorem 14.31 there exists a 
neighborhood Ai C C of Co and domains G Ui[X] C C, A G Ai such that the first 
return map to Ui[X] by p\ induces a full R- family over Ai. To prove Theorem lB.il 
it is clearly sufficient to show that Ai (~l AflZ has Lebesgue measure zero. 

For A G AflZ fl Ai, we can define a i?-chain over A since the critical point is 
recurrent. Let us denote the parameter domains of this chain by A,-[A]. Let Af1Z°° C 
AflZnAi be the set of parameters A such that the chain IZi over A has infinitely many 
central levels, and let AflZ be the complementary set in AflZdAi . By Theorem l4.4l 
there exists a constant C(A) > 0, A G MlZf\A\ such that mod(A„ fc [A] \ A„ fc+ i [A]) > 
C(A)fc, where nk — 1 counts the non-central levels of the chain. If A G AflZ , we 
actually have linear growth of moduli (without passing through a subsequence), and 
by Lemma f3.ll conditions CPhPal and CPhPhl are satisfied (with the dilatation 
parameter 7 arbitrarily close to 1) for i sufficiently big. 

B.2. Finitely many central cascades. The argument of Lyubich which shows 
that almost every real quadratic maps in T is simple applies in the complex setting 
and gives: 

Lemma B.2. \AflZ°°\ = 0. 

Proof. Let AflZf be the set of parameters A G NR°° such that C(A) > e. If 
AflZ°° has positive Lebesgue measure then we can select e such that AflZf also has 
positive Lebesgue measure. Let AflZf(k) C AflZf be the set of parameters such 
that the n k level is central. If A G Af1Z™(k), Af1Zf(k) n A„ fc [A] C A° [A] , thus 

\Mn?(k)nA nk [A}\<\A° nk [\}\. 

Since C(A) > e, there exists S and ko which only depend on e such that if 
k > kg then A nk [A] \ A° fc [A] contains a round annuli of moduli kS. This implies that 
A^ fe [A] I < e~ kS \A nie [A] I for some 5' depending on S. For each k, the domains A nk [A], 
A G J\fTZf(k) are either equal or disjoint, and their union has Lebesgue measure 
at most |Ai|, so \Af7Z^°(k)\ decays exponentially on k. It follows immediately that 
AflZ^ = Dfe>i D n >k NlZ^{k) has Lebesgue measure zero, contradiction. □ 

B.3. Area estimate. Let U be a bounded open set of C and Z be a measurable 
set of C. Let 

<7\m \HZnU)\ 
c 7 (Z\U) = sn P 

where h ranges over all quasiconformal homeomorphisms h : U — > C with dilatation 
bounded by 7 and such that h(U) is bounded. The following two properties are 
immediate: 

(1) If C U are disjoint open subsets and Z C UV^ then 

Gy(Z\U) < supc 7 (Z|t/ 3 )c 7 (U^|[/). 
3 

(2) If A, B C U are disjoint open subsets and Z C A U B then 

c~f{Z\U) < c y (B\U) + (1 - c-y(B\U))c 7 {Z\B). 

Denote by V£ [A] the connected components of the preimages of 

( J R n _ 1 [A]|C/°[A])- 1 (U^_ 1 [A]). 

We reserve the index for the component of 0, so that G V®. We also reserve the 
indexes —1 and 1 for the components of the preimages of C/ n [A]. 
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Fix some 7 > 1. Let 
(B.l) e n (A) = c^U^V^XWUniX]) 

(B.2) a n (A)=c T (U i ^[A]|LT n [A]). 

Lemma B.3. Let A E J\fK° . Then a 2 < 1- 

Proof. Notice that UU{ [A] is not dense in U\ [A] (otherwise the filled-in Julia set of 
Pa would have to contain U\ [A] , but in our situation the filled-in Julia set of p\ 
has empty interior). Thus, there exists a domain U®[\] C f[A] C U\[X] such that 
Ui[\] \ D[\] is an annulus, and a non-empty open set E[X] C D[X] \ UU( [A]. By the 
Koebe distortion Lemma, if h : U\ [A] — > C is a 7-qc map with bounded image then 
\h{E[X])\ > C\h(Uf [A]) I for some constant C > 0. 

For d £ fl, let E^[X] = (RjiX})- 1 (E[X\) . We conclude that, for any 7-qc map 
h : C/i[A] -> C with bounded image, we have \h(UE^[X])\ > C|ft(UWf [A])|, so 
c 7 (U^[A]|C/i[A]) < 1. 

If |fc > 1 then R\ [A] | V* [A] is a diffeomorphism onto Ui[X] and we conclude that 
c 7 (UC/|[A]|y 2 fe [A]) = ^(UWf [A]|I7i[A]). 

Thus c 7 (UC/|[A]|C/ 2 [A]) < ea + (1 - e 2 )c^(UWf [A]|C7i[A]) < 1. □ 

Lemma B.4. If A £ A/"7?° i/iera e„(A) — » exponentially fast. 
Proof. Notice that if i?„-i[A](V; fe [A]) = U^JA] then 

mod(LT„[A] \V£\X\) > mod([/„_ 1 [A] \ f/^[A])/3, 

mod(C/„_ 1 [A]\C/^ 1 [A]) > mod(C/„_ 2 [A]\C/°_ 2 [A])/2. 

For A S NK°, mod(E/ n _ 2 [A]\t/°_ 2 [A]) grows linearly in n, so inf fc mod(t/„[A]\V r n fc [A]) 
also grows linearly, and this implies exponential decay of sup fe Cy(V„ [A]|J7„[A]), 
which implies exponential decay of e„. □ 

Lemma B.5. If X £ J\fTZ° then a(A) = sup n>2 a„(A) < 1. 

Proof. Indeed, if \k\ > 1 then i?^[A] \V£ +1 [A] is a diffeomorphism onto f/ n [A]. In 
particular, c 7 (Ul^ +1 [A] \V* +1 [A]) < Oy(UU£ [X]\U n [X]) = a»(A). Thus 

c 7 (U^ +1 [A]|C/„ +1 [A] \L^IV^JA]) < a n (A), 

which implies a n+ i(X) < e„+i(A) + (1 — e n+1 (A))a„(A) and 

1 - a n+1 (A) > (1 - e„+i(A))(l - a n (Xj). 

If A G NTZ°, e n (A) decays exponentially (Lemma lB.4|l and a 2 (A) < 1 (Lemma 
LB. 311 . so the result follows. □ 

If AfTZ has positive measure, there exists a > 0, k > and a positive measure 
set X such that for A 6 X, a(X) < a and for n > k the estimate CPhPal of 
Lemma 13. II is valid with a constant smaller than 7. 

Let Y D X be an open set such that a\Y\ < \X\. For every parameter A G X, 

let /i(A) be the smallest j > k such that A € Z[A] = Aj j(A) [A] C V (such a j 
exists since flAj[A] = {A}). The resulting collection of parameter domains Z[X], 
X e X are either disjoint or equal. To reach a contradiction, it is enough to show 
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that a|Z[A]| > |X D Z[A]|, for in this case a\Y\ > \X\. But this is an immediate 
consequence of CPhPal, for 

^« < C7 (U< A) |^» (A) ) < c 7 (U^ (A) |C/ MA) ) < a, 

since T^ng ^ by hypothesis (notice that we even have |A^nZ[A]|/|Z[A]| < a, that 
is, a definite proportion of parameters in Z[X] have escaping critical point). 

Remark B.3. Our estimates can be easily pushed further to obtain more precise 
results. For instance, it is clear that 



a n +i < Cn+l + (1 - e ti +i)e„ ^ aj; < e„ + i + — 

fc=0 



so a n — ► (exponentially fast) for all parameters in AfTZ a . This in turn can be used 
to show that each parameter in J\flZ° is a density point of the complement of .A4 19 . 
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